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Preface 


Mental dynamics of a large mass of believing emotional entities, crowd- 
minds, acting at the edge of, or sometimes far beyond, rationality, was 
a subject of psychological studies in the last hundred years. As early as 
1895 a similarity between crowds and spatially distributed physical systems 
was implicitly brought up by Gustave Le Bon, who was a friend of Henri 
Poincare, and thus might have got a physical influence on his social theo- 
ries [Le Bon (1994)]. However, phenomena of collective irrationality have 
never been studied from physics, mathematics and computer-science points 
of view. In the book we try to fill the gap, and thus develop and study 
computational and automaton models of a crowd-mind. 

What is a crowd-mind? The crowd-mind emerges when formation of a 
crowd causes fusion of individual minds into one collective mind. In the 
crowd-mind “derationalized by passion, deactualized by memory, ideas and 
purposes are reborn as irrational beliefs and symbols” [Moscovici (1985)]. 
Members of a crowd lose their individuality. The deindividuation results in 
emotional, impulsive and irrational behavior, self-catalytic activities, mem- 
ory impairment, perceptual distortion and hyper-responsiveness to local 
neighbors; ultimately, this leads to “distortion of traditional forms and 
structures” [Zimbardo (1969)]. As Everett Dean Martin wrote in 1920 


“... the crowd-mind is a phenomenon which should best be classed with 
dreams, delusions, and the various forms of automatic behavior” [Martin 
(1920)]. 


Rephrasing Ortega y Gasset, we can say that the crowd-mind does “not 
care to give reasons or even to be right”, and this brings forward a key 
feature of the crowd-mind — the right not to be reasonable: “the reason of 
unreason” [Ortega y Gasset (1985)]. Serge Moscovici indicates three notable 
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symptoms of losing personality in favor of crowd mentality: decrease of 
intellectual component, increase of emotional component and disregard for 
personal profit [Moscovici (1985)]. 

A collective delusion emerges when thought disorder interacts with dis- 
turbances of affect [Winters and Neale (1983)]. The delusion may be seen 
as a symptom of mental disorder or at least collective divergence from 
the norm [{Moscovici (1985)]. Collective behavior of crowd-minds is highly 
non-linear because of mutual actions between delusive thinking, emotional 
contagion and also “collective movements and collective outburst” [Smelser 
(1962)]. In the book we study the non-linearity of crowd-minds using cellu- 
lar automata, algebraic structures, artificial-chemistry paradigms and mo- 
bile automata on lattices. 


Andrew Adamatzky 
February 2005 
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Chapter 1 


Crowding Minds 


In the book we exploit paradigms of non-linear psychology, artificial life 
and sociodynamics to simulate, analyze and characterize spatio-temporal 
dynamics of massive pools of mental entities, i.e. non-trivial dynamics 
of crowd-minds. In this chapter we give an informal introduction to the 
paradigms discussed, methods and techniques used, and provide a brief 
outline of the book’s contents. 


1.1 Non-linear psychology and sociodynamics 


In 1949 Rashevsky proposed 


“... to construct a mathematical system of social sciences by starting 


with some plausible postulates about the interactions of two or more 
individuals. In principle these postulates should be derived from the 
equations of the mathematical biology of the central nervous system” 
[Rashevsky (1949)]. 


This idea was developed half-a-century later in physics-based ap- 
proaches to sociology and collective intelligence. Results in pedestrian dy- 
namics give us a good example of how social systems can be interpreted 
in physical terms. Thus, Helbing [Helbing (1992); Helbing et. al (1998)] 
successfully applied principles of molecular dynamics to the paradigm of 
social force. As Moscovici wrote 


2 Dynamics of Crowd-Minds 


“Physicists began to speak of crowds of molecules and to refer to such 
phenomena as mass phenomena. Thus we find the “same” atomization 
in nature and in society, a social image of “crowds” common to various 
branches of learning, a similar concern for a “science of confusion”. For 
this is indeed a physics of confusion since all physical systems, all gases, 
tend towards confusion when the activity of some power is transformed 
into heat” [Moscovici (1985)}. 


Attractive analogies between reaction—diffusion, morphogenesis and pat- 
tern formation in social insect societies are made in [Bonabeau (1997); 
Bonabeau et. al (1998a)|. Dynamics of opinion formation [Kacperski and 
Hotyst (1999); Plewczyriski (1998)] is another field where techniques of non- 
linear physics are flourishing. As is reasonably highlighted in [Plewczyriski 
(1998)], classical mathematical models of individual attitude change lead to 
entire uniformity of opinions in a collective of many persons (as in the case of 
a majority classification problem or voting). These models assume, some- 
times implicitly, global interaction between the individuals, as in stirred 
solutions of reagents. Unfortunately, such situations quite rarely occur in 
the real world, which is ambiguous, uncertain and contradictory (see also 
[Axelrod (1997); Axelrod (1986)]). 

New generations of models represent space-time dynamics of indi- 
vidual opinions. The models consider evolution towards stable clus- 
ters of individuals, who share minority opinions [Plewczyriski (1998)]. 
Thus, for example, Plewezyriski [Plewczyriski (1998)] describes the social 
changes in a collective, with lattice topology, of individuals by a non- 
linear Schrédinger equation by analogy with a superfluid and a weakly 
interacting Bose gas in an external potential. The approach proved to be 
fruitful not only in dynamics of opinions [Kacperski and Holyst (1999); 
Plewezyrski (1998)] but also in attitude change [Nowak et. al (1990)]. 

Studies of dynamics of excitation in a stadium give us probably the 
most impressive examples of physics-based interpretation of crowd dynam- 
ics. Thus, from video footage of people’s behavior at a stadium it was de- 
rived that excitation waves travel with a speed of around 22 seats/sec and a 
wave width of around 6-12 m (15 seats) [Farkas et. al (2003)|. Further, the 
local behavior of participants can be interpreted in terms of a chemically 
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excitable medium with the following reaction set [Nagatami (2003)]: 


Passive + Activated ++ 2- Activated 
Activated + Refractory 
Refractory +> Passive. 


Other examples of physics of mentality include the Hameroff-Penrose 
theory of consciousness based on dynamics of quantum coherent super- 
positions [Hameroff (2001); Hameroff et. al (2002); Hameroff and Pen- 
rose (1996); Hameroff (1998)] and dynamics of intelligence [Zak (1998); 
Zak et. al (1997)]. 

The non-linear physics approaches are reinforced by automaton-based 
computational techniques, exemplified by cellular-automaton models of ar- 
tificial societies and emergence of societal structure in collectives of sim- 
ple agents [Epstein and Axtell (1996); Gilbert and Conte (1995)] and 
populations of interacting finite automata [Axelrod (1997); Doran (1998); 
Jager et. al (2001)). 

These and other results in physical interpretation of collective dynam- 
ics in groups, crowds and societies led to the formation of the new dis- 
cipline of sociophysics [Helbing (1995b); Weidlich (2003); Stauffer and 
Kutakowski (2002)], with the first dedicated conference held in 2002 
[Sociophysics (2002)]. In his overview of sociophysics [Stauffer (2002)], 
Stauffer mentions pioneering results on a physics-based approach to so- 
cial dynamics, which include dynamics of social segregation [Schelling 
(1971)], social imitation and opinion formation [Callen and Shapero (1974)]. 
We also refer to early papers on physics-based market analysis [Beck- 
man (1971)} (in this particular paper the term “social physics” is intro- 
duced explicitly). More recent fields developed in sociophysics include so- 
cial percolation [Proykova and Stauffer (2002); Goldenberg et. al (2000); 
Solomon et. al (2000)], belief and rumor propagation [Kabashima (2002); 
Galam (2002)], pedestrian dynamics (Helbing (1992); Helbing (1993); 
Helbing et. al (1998); Helbing (1991); Helbing and Molnar (1995); Hel- 
bing et. al (2000); Burstedde et. al (2001); Kirchner and Schadschneider 
(2002)], traffic simulation [Mahmassani (1990); Mahmassani et. al (1990); 
Helbing (1995a); Wolf (1999); Visser and Nagel (2001); Helbing et. al 
(2002)], opinion formation and voting [Weidlich (1991); Babinec (1997); 
Kacperski and Hotyst (1999); Kacperski and Holyst (2000); Alves et. al 
(2002)], and formation of cultural domains [Castelano et. al (2000), active 
Brownian particles and swarm dynamics [Schimansky-Geier et. al (1995); 
Schweitzer and Schimansky-Geier (1994); Ebeling et. al (1999); Holyst et. al 
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(2000); Ebeling and Schweitzer (2002)]. 

Battlefield simulation is yet another emerging field of sociophysics; a 
brilliant overview is provided by Ilachinski (Ilachinski (2004)]. Some analogs 
between chemical and physical instabilities and dynamics of combatant 
masses can be found in [Clements and Hughes (2004)]. There mathematical 
modeling of the Battle of Agincourt [Clements and Hughes (2004)] shows 
that instability of the battle front led to loss of the French and Burgundian 
army in favor of the English army: 


“The Battle of Agincourt was lost ... by the greater army because of its 
excessive zeal for combat leading to sections of it pushing through the 
ranks of the weaker army only to be surrounded and isolated” [Clements 
and Hughes (2004)]. 


In parallel with non-linear dynamics of societies, a field of dynami- 
cal, non-linear, psychology flourished [Lewis and Haviland-Jones (2000); 
Mayne and Ramsey (2001); Abraham (1992); Sulis and Combs (1996); 
Butz (1997)] on a fertile soil of Minsky’s “mind as a society of many 
agents” [Minsky (1988)], Dawkins’s memes as an evolving space-time con- 
figuration of global mental states [Dawkins (1976)] and Dennet’s theory 
of consciousness as a space-time configuration of a many-agent collective 
[Dennet (1991)]. Foundations of non-linear analysis of social and psycho- 
logical systems were laid in [Abraham and Gilgen (1995); Guastello (1995); 
Vallacher and Nowak (1994)], and a mathematical analysis of conscious- 
ness (see e.g. {Goertzel (1996)]). Amongst pioneering works, we also 
mention mathematical models of emotions [Lettvin and Pitts (1943); 
Colby and Gilbert (1964)] and a cybernetic model of persecutory delu- 
sions [Melges and Fougerousse (1966)]. 


1.2 Crowds 


In the book we exploit the science of crowds. 


“If we think of crowds as large numbers of people we typically imagine 
them as packed together in close proximity to each other. “(Too) many 
people in (too) little space” may serve as a preliminary schema signi- 
fying some basic communalities between phenomena of crowds and of 
crowding” [Kruse (1986)]. 
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Talking about formation of crowds, Everett Dean Martin wrote: 


“The complex of ideas becomes a closed system, a world in itself. Con- 
flicting facts of experience are discounted and denied by all the cunning 
of an insatiable, unconscious will. The fiction then gets itself substituted 
for the true facts of experience; the individual has “lost the function of 
the real”. He no longer admits its disturbing elements as correctives. He 
has become mentally unadjusted — pathological” [Martin (1920)]. 


Why are crowds more interesting than groups? Smelser outlines three 
basic differences between small groups and collectives [Smelser (1962)]: 
(a) in a small group an individual can personally control a scene of op- 
eration, (b) while in the collective there is a sense of “transcending power”, 
(c) the communication in small groups is global, and it is local in large 
groups, (d) small groups aré mobilized by “direct machinery” and in large 
groups by incitation and agitation. In contrast to groups, see e.g. [Klein 
(1956)], crowds have no structure whatsoever (apart from topological order 
imposed on spatially extended models), no hierarchies and often no lead- 
ership. Also, high group cohesiveness and physiological arousal of crowd 
members will “shut down the self-regulation of behavior through private 
self-awareness reduction” and “enhance the likelihood that the individual’s 
acts will be influenced by environmental stimuli ...” [Prentice-Dunn and 
Rofers (1989)]. 

Crowds are unique phenomena, whose studies may bring impressive 
results and fruitful discoveries. This is because the behavior of each person 
in a crowd can be reduced to a level of an abstract finite machine — due 
to the deindividuation process, and spatio-temporal dynamics of crowds 
may expose non-trivial modes and regimes — due to irrationality of crowd 
global behavior. This is why a crowd psychology is sometimes attributed 
to a “science of the irrational” [Moscovici (1985)]. 

A derationalization — when an individual joins a crowd he loses his 
rationality [Graumann (1985)] — happens because of deindividuation. 
Amongst several characteristics of crowd formation developed by Mar- 
tin [Martin (1920)], we would like to highlight that a crowd is a mental 
phenomenon occurring simultaneously with gatherings, where repressed im- 
pulses are released and thinking is primitivised (individuals become more 
automaton-like). 
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“The crowd-mind is then not mere excess of emotion on the part of people 
who have abandoned “reason”; crowd behavior is in a sense psychopathic 
and has many elements in common with somnambulism, the compulsion 
neurosis and even paranoia” (Martin (1920)]. 


Why do people behave in crowds differently? Possible processes involved 
in deindividuation and irrationalization are listed in [Marx and McAdam 
(1994)]: (a) a large number of people within each other’s view, (b) illusion 
of unanimity produced by group pressure, (c) diffusion of responsibilities, 
(d) anonymity (“In an impersonal sea of faces, the individual may come to 
feel that he or she cannot be called to account for the behavior in question” 
[Marx and McAdam (1994)]), (e) solidarity, (f) social facilitatio and (g) im- 
mediacy (“Some persons may become so immersed in the crowd that they 
respond more immediately and less reflectively to stimuli and suggestions 
for behavior than is usually the case” [Marx and McAdam (1994)]). 

In the book we follow the idea of “pre-experimentalists” of group mind 
theory, by classification in [Turner (1987)], including Le Bon [Le Bon 
(1994)], Freud [Freud (1921)] and McDougall [McDougall (1921)], who ex- 
plained unique features of crowds by three processes [Turner (1987)]: 


e deindividuation: “the anonymity of crowd members and the sense 
of invincible power produced by being in a crowd lead to a diffu- 
sion of their feelings of personal responsibility, a loss of personal 
identity” [Turner (1987)], 

contagion: “actions and emotions spread through the crowd 
through a form of mutual imitation, leading to uniformity and ho- 
mogeneity in which personal differences disappear” [Turner (1987)], 
suggestibility: “acceptance of influence on irrational grounds be- 
cause some kind of emotional tie to and submissive attitude to a 
person or group” [Turner (1987)]. 


Deindividuation leads to automatic, delusive and irrational behavior. 
What is deindividuation? 


“... deindividuation ... is a state of affairs in a group where members do 
not pay attention to other individuals gua individuals and, correspond- 
ingly, the members do not feel they are being singled out by others ... 
such state of affairs results in a reduction of inner restraints in the mem- 
bers” [Festinger et. al (1952)]. 


In 1969 Zimbardo [Zimbardo (1969)] outlined basic precedents for dein- 
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dividuation: (a) anonymity, (b) shared and diffused responsibility, (c) high 
group size, (d) temporal distortion (expansion of present and distantiat- 
ing of past and future), (e) arousal, sensory input overload, reliance upon 
non-cognitive interactions, (f) unstructured situation, altered states of con- 
sciousness and (g) enhancement of affective—-proprioceptive feedbacks. 

In certain cases deindividuation caused by crowding arousal, diffused 
responsibility and reduced self-awareness may result in disinhibited and 
sometimes violent behavior [Prentice-Dunn and Rofers (1989)]: 


“Like the paranoiac, every crowd is potentially if not actually homici- 
dal in its tendencies. But whereas with the paranoiac the murderous 
hostility remains for the greater part an unconscious “wish fancy”, and 
it is the mechanisms which disguise it or serve as a defense against it 
which appear to consciousness, with the crowd the murder-wish will it- 
self appear to consciousness whenever the unconscious can fabricate such 
defense mechanisms as will provide it with a fiction of moral justifica- 
tion” [Martin (1920)]. 


Deindividuation could also be considered as a defense against a threat- 
ening environment, as opposed to individuation desirable in a supportive 
social climate [Ziller (1964); Zimbardo (1969)]. 

Crowds are also irrational because changes in emotional arousal in 
crowds lead to derationalization [Kaufman (1999)]: 


“ 


. too much emotional intensity causes the person to be so aroused 
that thinking and physical self-control become disorganized” [Kaufman 
(1999)]. 


Changing attitudes may be another reason for irrationality: 


“.. The deeds of crowd members are not rationally controlled, because 
the thought process in crowds is used only to serve the prepotent inter- 
ests, not to direct them ...” [Allport (1924)]. 


Association between a crowd and abnormality was also highlighted by 
Freud in his work on group psychology and the ego [Graumann (1985)]. 

Another explanation of a crowd’s irrationality may lie in the mental 
regression of crowd members to childhood. 
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“He himself may be but a miserable clod, but the glory of his crowd 
reflects upon him. ... In the finality of his crowd-faith there is escape 
from responsibility and further search. He is willing to be commanded. 
He is a child again. He has transferred his repressed infantilism from the 
lost family circle to the crowd. There is a very real sense in which the 
crowd stands to his emotional life in loco parentis” [Martin (1920)]. 


Crowd-minds are also seen as substrates of unconsciousness: 


“Simply that ideas and purposes, especially those contrived by science 
and rationality, have to undergo a series of metamorphoses before they 
can be accepted by the crowd. Once transformed into formulae, images, 
and similes they cease to be part of the conscious mind and enter the 
realm of the unconscious. Derationalized by passion, deactualized by 
memory, ideas and purposes are reborn as irrational beliefs and sym- 
bols” [Moscovici (1985)]. 


1.3 Quasi-chemistry and cellular automata 


All through the book we use cellular-automaton and mobile finite automa- 
ton models and a paradigm of artificial chemistry. 

Adopting an automaton approach we consider agents, affective and dox- 
astic entities, as minimalist structures, atoms of emotions and cognition. 
Several attempts to build a framework of knowledge and belief automata 
have been successfully made before; see e.g. [Manevitz (1989)]. Emergent 
properties of automata networks were considered to be a possible tool to 
manage uncertainty; see [Ligomenidas (1991)]. One of recent examples 
of how someone can use finite automata when dealing with terminolog- 
ical representational languages is given in (Baader (1996)]. A cellular- 
automata-based interpretation of knowledge, belief and action distributed 
among agents is proposed in [Adamatsky (1995b); Adamatzky (1998b); 
Adamatzky (1998c); Adamatzky (1995a); Adamatzky (1999)]; there prob- 
lems of the approximation, or reconstruction, of functions of local evolution 
of epistemic, doxastic and action components from the given set of global 
configurations of mental states are discussed. 

Automaton models were already proved to be successful models of arti- 
ficial collectives in the 1940s when discrete spaces of finite-state machines 
were employed to imitate social segregation (see [Hegselmann and Flache 
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(1998)]); in the 1950s chains of finite and locally interacting automata were 
studied in a context of game theory (see [Tsetlin (1973)]). A recent boost in 
automaton models of social behavior is due to development of paradigms of 
artificial societies [Epstein and Axtell (1996)], particularly automata mod- 
els of growing societies [Gilbert and Conte (1995)] and populations of finite 
automata [Axelrod (1997); Doran (1998)], social impact on opinion forma- 
tion [Nowak et. al (1990)] and automaton interpretation of logic [Schaller 
and Svozil (1996); Svozil and Zapatrin (1996)]. Hereby, we mention that 
even some of the connectionist models are rooted in cellular-automata se- 
mantics; see e.g. [Read and Miller (1998)]. 

Artificial societies is yet another field where automata models gained 
success. This deals with emergence of societal structure in collectives of 
simple agents [Epstein and Axtell (1996)]. The research focuses mainly 
on automata models of growing societies [Gilbert and Conte (1995)] and 
populations of interacting finite automata [Axelrod (1997)]. Behavior of 
automaton models of agent collectives becomes even richer, and obtains 
a sense of artificial social life [Bainbridge et. al (1994)], when agents are 
made believable [Hadley (1991a)], emotional context of belief is taken into 
account [Frank (1998)] or mutual belief is analyzed [Tuomela (1996). Thus, 
for example, it is verified in computer experiments with populations of mo- 
bile automata, competing for resources, that a collective misbelief, when 
co-existing in space and time with a collective belief, may increase surviv- 
ability of the entire population [Doran (1998)]. 

Automaton models of crowd-minds seem to be capable for perfectly 
grasping intrinsic processes of crowd mental dynamics because crowds ey- 
hibit lower levels of control and have shorter time scales with more discrete 
and concrete standards: 


“... the crowd does not think in order to solve problems. To the crowd- 
mind, as such, there are no problems. It has closed its case before- 
hand” [Martin (1920)]. 


Members of a crowd “are impulsive and respond with little foresight”, 
they are “inextricably wrapped up in the cues of the moment” [Prentice- 
Dunn and Rofers (1989)]. 

A cogitoid — a computational model of cognition, where knowledge is 
represented by a lattice of concepts and associations between the concepts 
[Wiedermann (1998b)] — is yet another example of “automaton mental- 
ity”. It is demonstrated in [Wiedermann (1998b)] that cogitoids realize 
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basic behavioral patterns including Pavlovian conditioning. In the cogitoid 
the concepts, like automaton states, can be represented by quantities of 
strength, non-negative integers, and by qualities, integers, whereas associ- 
ations between the concepts possess a weight [Wiedermann (1998a)]. 

Several fundamental postulates, which support vitality of finite- 
automata models of consciousness are provided in [Alexander (1997a)], 
where a model of artificial consciousness is built on the basis of automa- 
ton models of neural networks. In automaton neural models in [Alexander 
(1997b)] consciousness is represented in the firing patterns of neurons: as 
soon as every neuron can be simulated by an automaton, up to some degree 
of correctness, the theory converges to a representation of consciousness in 
terms of finite state machines. There are some remarkable connections with 
cogitoids [Wiedermann (1998a)]; for example, when concepts are encoded 
by inner neurons. 

Micro-tubules, which form neuron skeletons and indeed are simulated 
in cellular automata when every tubulin unit is represented by a cell, form 
a physical basis of the OR theory of consciousness [Hameroff and Penrose 
(1996); Hameroff (1998)]. It is claimed that consciousness occurs in multi- 
component systems, which are capable of developing and maintaining quan- 
tum coherent superpositions. Every superposition lasts until some event, 
e.g. exceeding of a threshold, occurs. The coherent state collapses after 
that. Thus, streams of self-collapsing particles represent a flow of con- 
sciousness. So, a subject of consciousness is seen as a massively parallel 
collective of very simple particles acting coherently. 

A paradigm of computational chemistry — molecules represent compu- 
tational processes — was firstly brought into effective action in a context 
of self-maintenance of a system and the autopoiesis [Varela et. al (1974); 
McMullin and Varela (1997)]. A molecule in computational chemistry is 
a symbolic representation of an operator, the molecule’s behavior is the 
operator’s action, and a chemical reaction is an evaluation of the func- 
tional application [Fontana and Buss (1996)]. Also, a chemical abstract 
machine — a stirred solution defined by a molecule algebra and rules of 
molecules’ interaction —- was invented in [Berry and Boudol (1992)] to 
realize a paradigm of interaction between molecules in algebraic process 
calculi [Berry and Boudol (1992)]. In Berry-Boudol’s universe a state of a 
concurrent system is seen as a stirred solution, where molecules of reagents 
interact with each other according to some specified reaction rules. The 
process is parallel because all pairs of molecules can interact at once. To 
set up an architecture of a specific machine, one defines a molecule algebra 
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and rules of interaction between the molecules. Recently, the artificial- 
chemistry paradigm emerged and formed a new field concentrating on such 
issues as self-organization and complexity, and non-standard computation; 
see an overview in (Dittrich et. a/ (2001)]) and an application of a chemical 
paradigm to simulate evolution of knowledge and emotions in [Adamatzky 
(2001c); Adamatzky (2002b)]. So, by representing mental states of agents 
as chemical species, we can design a quasi-chemistry-like reaction between 
the mental states. The idea has been around for some time and, already 
in 1967, while talking about social context of riots in the black ghetto of 
Milwaukee, Slesinger used somewhat chemical terminology: 


“.,. to distinguish between possible catalytic events leading to the out- 
break of a civil disturbance and the presence of underlying social, eco- 
nomic, and political conditions which seem to be necessary before the 
catalyst can precipitate a reaction” (Slesinger (1968)]. 


To study artificial chemistry of well-stirred reactors in computational 
experiments we numerically integrate systems of first-order ordinary dif- 
ferential equations [Press et. al (1993)]. We represent thin-layer reactors, 
where chemical species and micro-volumes interact locally, as systems of 
partial differential equations, and also model these reaction—diffusion sys- 
tems as cellular neural (non-linear) networks [Chua (1998)]), as well as 
cellular automata. 

A cellular automaton is an array of uniform finite automata, which 
update their states in parallel, and each automaton calculates its next state 
depending on states of its closest neighbors (see e.g. (Toffoli and Margolus 
(1987); Ilachinski (2001)]); we experiment with a one-dimensional cellular 
automaton, each cell of which updates its state depending on states of its 
left and its right neighbors. 

Using differential equations, cellular non-linear networks and cellular 
automata we can therefore represent quasi-chemical reactions between be- 
lief states and emotion states in the three following ways. Let a set of 
reactions be 


X+Y —3* 27 
Zu X, 


with reagents X, Y and Z and reaction rates ky and ko. This may be 
interpreted as follows: a person expressing affective or doxastic state X 
meets a person expressing state Y, they observe each other’s expressions 
and change their affective or doxastic states to state Z. Thus the dynamic 
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of affective or doxastic species in a well-stirred reactor can be simulated as 


& = —kyzy + kez = 9(z, y, z) 
i kyxy ~—koz= (x,y, AR 


where x, y and z are concentrations of affective or doxastic states X, Y 
and Z. 

The space-time dynamic of doxastic or affective reagent concentrations 
can also be modeled in a one-dimensional cellular neural (non-linear) net- 
work as 


Ey = Y(2i, Yi, 2%) + Dz (Lig + Zi-1 — 22;) 
Yi = V(zi, Ys) + Dy (Yin + Y-1 — 2y:) 
2 = O(2i, Yi, 2) + Dz(Zi41 + H-1 — 22), 


where i is a space index, and D,, D, and D, are diffusion coefficients of 
affective or doxastic state reagents. In a cellular-automaton model every 
cell has two neighbors, left and right, takes three states X, Y and Z and 
updates its states by the following rule. A cell being in state Z takes state 
X. A cell changes its current state X (Y) to state Z if there is at least one 
neighbor in state Y (X). If ct is a state of cell c; at time t, then the cell’s 
state-transition rule looks as follows: 


Xifed =Z, 
ct? = ¢ Z if (cf = X) and ((ef_, = Y) or (chy, = Y))] or 
[(cj = Y) and (({_, = X) or (Cis = X))). 


Amongst these three models only the cellular-automaton one can be prob- 
abilistic, when, due to specifics of reactions simulated, a cell takes different 
states, corresponding to the same configuration of the cell’s neighborhood, 
with certain probabilities. 

In some cases, we used a chemical kinetics simulator [CKS], working 
on principles of discrete stochastic simulation. A chemical reactor there is 
portrayed as a system of discrete particles where each particle represents a 
certain amount of reagents; an interaction of reagent pools is simulated via 
interaction of particles. 
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1.4 Dual interpretation 


In the book we allow for a dual interpretation of dynamics of emotional 
and cognitive collectives. First, we can talk about our models as represent- 
ing dynamics of beliefs, emotions and irrational behavior of human crowds, 
where every person is reduced to a simple automaton or a chemical species. 
Second, we sometimes adopt a representation of the human mind as a col- 
lective of simple “mental” entities, affective and doxastic quanta. 

A multi-agent representation of the human mind has a long history. 
We can find artificial intelligence, biological and philosophical backgrounds 
of a multi-agent mind in Minsky’s ideas of mind as a society of many 
agents [Minsky (1988)], Dawkins’s memes, ideas and beliefs, which diffuse 
in the noosphere and represent some kind of evolving space-time configu- 
ration of global mental states [Dawkins (1976)] and Dennet’s theory of con- 
sciousness as a space-time configuration of a many-agent collective [Dennet 
(1991)]. Recent results in the field include Wiedermann’s cogitoid [Wieder- 
mann (1998b)], Hameroff-Penrose’s OR theory of consciousness [Hameroff 
and Penrose (1996); Hameroff (1998)] and Alexander’s artificial neural con- 
sciousness [Alexander (1997b)]. The processes of crowd dynamics can be 
interpreted in terms of an individual’s mental dynamics: 


“The crowd-self ... is analogous in many respects to “compulsion neu- 
rosis”, “somnambulism”, or “paranoic episode”. Crowd ideas are “fixa- 
tions”; they are always symbolic; they are always related to something 
repressed in the unconsciousness” [Martin (1920)]. 


1.5 Emotions, beliefs and actions 


In the book we aim to demonstrate rich spatio-temporal dynamics of crowds 
at three basic levels of cognitive behavior —- emotions, beliefs and actions. 
They are discussed in a “natural order”, from emotions to beliefs to actions: 


“.. thinking, no matter how well articulated, is not sufficient for action. 
... Emotions are prime candidates for turning a thinking being into an 
actor” [Frijda et. al (2000)]. 


Space-time dynamics of emotions in large-scale collectives is studied 
in the second chapter; this is followed by non-linear models of belief de- 
velopment in “unregulated” crowd-minds and crowd-minds constrained by 
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norms. The first three forthcoming chapters build up a computational the- 
ory of disordered mentality expressed in terms of affects and cognition. 
Then we introduce logical systems derived from space-time dynamics of 
crowd-minds, to speculate about possible logics behind irrationality. Fi- 
nally, we establish morphological correlates of irrational behavior, and un- 
cover surprising facts about morphological complexity of irrationality. 

In the second chapter we study affective mixtures. An affective mixture 
is a theoretical construct which represents emotions spreading and reacting 
one with another as a massive pool of locally interacting entities. Molecules 
of the affective mixture correspond to basic emotions — happiness, anger, 
fear, confusion and sadness — which diffuse and react with each other by 
quasi-chemical laws. In computational experiments with affective solutions, 
in well-stirred and thin-layer reactors, we uncover and classify varieties of 
behavioral modes and regimes determined by particulars of emotion inter- 
actions. We test applicability of affective solutions in an idealized situation 
of emotional abuse therapy. Results outlined in the chapter indicate that a 
paradigm of affective solutions offers an unconventional but promising tech- 
nique for designing, analyzing and interpreting integral and spatio-temporal 
dynamics of mass moods in crowds. 

The second chapter is structured as follows. We introduce an artifi- 
cial chemistry of emotions, a theoretical paradigm, a vision of emotions as 
abstract chemical species interacting with each other by certain rules sim- 
ilar to quasi-chemical reactions. Several reaction schemes involving happi- 
ness, sadness, anger, fear and confusion are analyzed in detail, and spatio- 
temporal dynamics of the affective quasi-chemical mixtures is studied in 
cellular-automaton models. A case of emotional abuse therapy is provided 
as an example of possible practical applications of theoretical findings on 
behavior of affective mixtures. The second chapter is completed with dis- 
cussions of affectons — finite-automata models of emotional interactions. 
An affecton is an emotional automaton which takes states from a set of 
basic emotions — happiness, anger, confusion, anxiety and sadness, and 
updates its state depending on its current state and a state of its input 
(which is also a state-emotion). We define several classes of emotional au- 
tomata and study dynamics of reflecting affectons and automata in a ran- 
dom environment; we also analyze behavior of coupled affectons using their 
global state-transition graphs. These toy models of emotional automata are 
based on our early results in automata models of and algebraic approaches 
to the study of cognition — simulation of hierarchical groups of believ- 
ers [Adamatzky (1998c)] and cellular-automaton and artificial-chemistry 
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models of doxastic evolution [Adamatzky (2001d); Adamatzky (2001a); 
Adamatzky (2001c)]. In the second chapter we concentrate rather on formal 
properties of emotional automata and try not to draw any common-sense 
consequences from results of our studies. Finite-automata models discussed 
in the chapter should be considered as a preliminary step towards a full- 
scale formal theory of emotional interactions. 

Why do we develop a formal theory of emotional interactions? First, 
emotions are a basis of cognition [Bates (1994); Chalmers (1996); Goleman 
(1996); Picard (1997)]. Emotions form a unique primary, fast, component 
of intelligent response to an external stimulus; beliefs constitute the sec- 
ondary, slow, component [Eckman (1992); Goleman (1996)]. Therefore, 
formal models of emotions must be incorporated in mathematical models 
of computation and cognition. Second, emotions rather than knowledge 
govern behavior of crowds, which are better in feelings than in reason- 
ing [Graumann and Moscovici (1985); Le Bon (1994); McPhail (1991)]. 
This is why emotions have to be taken into account in designing mathe- 
matical models of social dynamics and in developing algorithms of decen- 
tralized computing. Third, robotics lacks architectures of truly emotional 
robots, that do not simply express but also experience and communicate 
their emotions to other robots and humans [Breazeal and Scassellati (1999); 
McCarthy (1979); Scheeff et. al (2000)]. 

Do emotions really interact? They do not interact per se but via their 
carriers, persons. Emotions are contagious in a sense that emotional per- 
turbations spread in groups and collectives (most members of which but a 
few are assumed to be initially in a “no-emotions” state!): 


“The precipitating stimuli arise from one individual, act upon ... one 
or more other individuals, and yield corresponding or complementary 
emotions ... in these individuals” (Hatfield et. al (1992); Hatfield et. al 
(1994)]. 


The contagion may be based on imitation and facial mimicry, which 
cause an affective feedback from facial receptors and neurons [Hatfield 
et. al (1992); Hatfield et. al (1994)]; sometimes the contagion is seen 
as a mechanism of physiological synchronization [Levenson and Ruef 
(1997)]. However, surprisingly few publications deal with interaction be- 
tween emotions; see e.g. [Hatfield et. al (1994); Levy and Nail (1993); 
Marsden (1998)]. We know that persons in certain emotional states would 
more likely to change their emotions when they encounter persons in other 
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emotional states, for example 


“It is happy people who are most receptive to others and most likely 
to catch their moods; the unhappy seem relatively oblivious to other’ 
feelings and to contagion” [Hatfield et. al (1994)]. 


This means that a matrix of binary interaction of emotions may have 
quite a non-trivial form. Particulars of emotional interaction are usually 
dependent on emotions’ strength, context of emotional interaction and vec- 
tors of interpersonal relationships, for example: 


“Angry faces sometimes stimulate fear as well as anger; another’s fear 
may put us at ease” [Hatfield et. al (1994)). 


What is a minimal computation model of emotional interactions? Given 
a finite set of emotional states one need only to define a binary composition 
of emotions to construct a minimalist model. The model would already 
represent how someone’s emotion is changed when he or she interacts with 
someone else. To make the representation more close to reality one can say 
that the finite set of emotional states is a state set of a finite automaton 
and the binary composition is the automaton’s state-transition function. 
This will also allow us to study linked evolution of emotions in automaton 
collectives. 

Most examples of emotional developments, discussed in the second chap- 
ter, exhibited affective dynamics at the edge of pathology. Pathology is 
one of the key consequences of crowding; either it is a crowding of per- 
sons or a crowding of thoughts in our brains. We continue the theme 
of near-pathological mentality of crowd-minds in the third chapter of the 
book. There we use a conventional belief state to derive states of knowl- 
edge, misbelief, delusion, doubt and ignorance, and to construct and study 
non-trivial compositions of the doxastic states. We show that the com- 
positions truly reflect “abnormalities” of crowd behavior, and that quasi- 
chemical and finite-automaton models of doxastic collectives express in- 
triguing spatio-temporal dynamics. 

Several interesting algebraic properties of the doxastic compositions are 
studied, and deterministic derivatives of the compositions are analyzed in 
terms of naive, conservative, anxious and contradictory agents. We study 
discrete dynamics of reflecting agents and stirred pools of agents in terms 
of finite automata. We show that non-stirred, or ordered, collectives of 
agents exhibit in their evolution the richest possible range of space-time 
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phenomena from competing domains of regular patterns to random trees 
and triangles. They are analyzed in detail, including the possible influence 
of algebraic properties of doxastic compositions on space-time patterns 
of doxastic derivatives that emerge in the evolution of agent collectives. 
We also determine products of so-called interacting doxastic worlds, where 
every world is an element of a Boolean of the set of doxastic states, to 
enforce our insight in domains of attracting and impossible worlds. 

To study well-stirred pools of doxastic entities we also adopt an artificial- 
chemistry approach. Five derivatives of belief — knowledge, misbelief, delu- 
sion, ignorance and doubt — are considered to be reactants of an abstract 
chemical solution. These quasi-chemical species react one with another by 
certain rules obtained though an unconventional interpretation of a belief 
update. Several types of reaction systems are studied in computational 
experiments with the doxastic solutions. A global dynamic of doxastic 
chemical! solutions is also interpreted from a common-sense point of view. 
Non-stirred pools of doxastic “quanta” are simulated in lattices of doxa- 
tons — finite automata which take states of knowledge, misbelief, delusion, 
ignorance and doubt. 

Such diverse fields of artificial intelligence as distributed intelligence, so- 
cial dynamics, artificial society and collective mind and consciousness deal 
with believing agents. Despite being so long under the scope of philosophy, 
logic and computing sciences, only recently was a belief started to be con- 
sidered as not ideal and believers themselves as not omnipotent. Some non- 
classical logics and computational models began to incorporate a fallible be- 
lief in their framework; see [O’Hara et. al (1995); Fagin and Halpern (1988); 
Gardenfors (1990)}. Recent research proves that agents can recognize 
other agents’ mental states, including beliefs and intentions [Tambe et. al 
(1998)]. A non-standard, and sometimes even pathological, interaction be- 
tween people’s mental states in developing crowd situations [Le Bon (1994); 
Smelser (1962)], collective delusions and hysterias got a “proper” formal 
interpretation just recently; see e.g. [Summers and Markusen (1999); 
McPhail (2001)]. However, despite the success of non-traditional ap- 
proaches to researching a collective belief, a diversity of doxastic states 
was almost left out of consideration. Quite typically, only belief and knowl- 
edge are employed in commonly used logical or computation models. The 
importance of delusion, misbelief, doubt and ignorance was unfairly under- 
estimated. 

A context of the doxastic states’ updating is also a missing point of 
modern research. Realistically, a behavior of individuals is governed by a 
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pleiad of momentary mental states, which undoubtedly include emotions, 
intentions, dreams, desires and imaginations. More often than is usually ex- 
pected, the mental states, and beliefs in particular, are updated irrationally 
or even pathologically. A reversibility of knowledge and imperfect evolution 
of collective beliefs is also quite a common phenomenon. Thus, for example, 
it was shown that a false belief may be successfully spread in a social group 
if supported by falsified judgements or self-fulfilling processes [Burns and 
Gomolinska (2001)]. Also, in situations of an emotional contagion [Hatfield 
et. al (1994)], we could possibly talk about a cognitive contagion, where 
one or another state of belief acts upon several individuals of a collective 
and, as a result, invokes complementary doxastic states. Thus third chapter 
uncovers and exploits the diversity of the doxastic states and particulars of 
space-time dynamics of locally interacting doxastic entities. 

Norms are the most likely instrument for dealing with abnormal behav- 
ior. So, in the fourth chapter, we discuss how norms may influence the 
space-time dynamic of doxastic components of artificial crowds. A mental 
state of an agent is characterized by the agent’s belief in some proposition 
and a truth value of the proposition in the agent’s local vicinity. Doxastic 
compositions derived in the third chapter are mainly indeterministic; how- 
ever, we can make them deterministic by applying norms. These norms are 
expressed as priority orders over doxastic states. In computer experiments 
with space-time evolution of well-stirred mixtures and lattices of doxatons 
we demonstrate how norms and initial conditions can influence the behav- 
ior of abstract collectives of simple agents. A set of findings, discussed 
in the fourth chapter, include controllable diffusion of doxastic states and 
formation of stationary patterns of doxastic states. 

Conventional logics do not work in crowds because deindividuation leads 
to emergence of an abnormal collective mind, which becomes irrational due 
to cognitive and affective overload. In the fifth chapter we develop a log- 
ical basis for irrationality of crowd thinking. We “breed” logical systems 
which behave non-trivially when interpreted in terms of dynamical sys- 
tems. We construe three-valued logical systems as pools of abstract chem- 
ical species; logical variables, involved in chemical reactions, are catalyzed 
by logical connectives. Then we study global and space-time dynamics of 
these “logical” chemical reactors. We derive a family of combinatorial sys- 
tems ({T, F,*},A), where T, F and * are truth values, A is a commutative 
binary operator and A acts as a Boolean conjunction on {T, F}; * A* = x, 
TA* =a and FA = }b, with a,b € {T, F,*}. We look at nine combi- 
natorial systems of the family, specified by values of a and b, and derive 
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from each member (ab) of the family an artificial-chemical system, where 
interactions between reactants T, F’ and * are governed by A. In compu- 
tational experiments with well-stirred reactors, we show that all systems 
but (J’*) and (*T) exhibit a dull behavior and converge to their only stable 
points. In a reactor of the system (Tx), catalyzed by A, concentrations 
of reactants oscillate while a reactor of the system (*T’) finishes its evo- 
lution in one of two stable points. Thus we call the models of (7) and 
(*T) oscillatory and bifurcatory systems. Further, we enrich the systems 
with a negation connective, define additional connectives via — and A and 
undertake a detailed study of the integral dynamic of the artificial stirred 
chemical reactors and of the space-time dynamic of thin-layer non-stirred 
chemical reactors derived from the logical connectives. We demonstrate 
that thin-layer reactors exhibit a rich space-time dynamic ranging from 
breathing patterns and mobile localizations to fractal structures. A primi- 
tive hierarchy of connectives’ phenomenological complexity of non-trivially 
behaving logical systems is constructed therefor. 

In the sixth chapter we uncover morphological consequences of irra- 
tional behavior. There we study collectives of mobile agent-automata, 
inhabiting a two-dimensional lattice. For every step of discrete time an 
agent-automaton decides if it moves at random or stays in its current node 
depending on a number of occupied neighboring nodes. Agents behave ir- 
rationally because they do not simply dislike to stay in neighborhoods with 
“density” exceeding a certain threshold but an agent moves if the number 
of other agent-automata in its neighborhood belongs to some specified in- 
terval or, in more complex models, a set of integer numbers. Eventually, 
all agent-automata find their appropriate positions and stop moving; a sta- 
tionary global pattern of resting agents is finally formed. The morphology 
of these patterns of resting agents is studied in the sixth chapter. We define 
a degree of irrationality of an agent’s behavior in terms of lower and upper 
boundaries of an action interval or a structure of an activation set; then we 
build a mapping between irrationality of agents’ behavior and morphology 
of stationary patterns formed by the agents. Thus, we are making the first 
step towards a morphological theory of irrationality. 

Natural collective phenomena, for example movement of crowds of 
pedestrians and the impressive nest formations of social insects, provide 
us with an existence proof that sophisticated constructions may be built by 
swarms of relatively simple artificial agents. The constructions often appear 
to have required impressive control and coordination — yet each agent in 
the collective does not appear to be provided with an internal world model 
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or blueprint for the complete construction. These macroscopic structures 
emerge as the consequence of interaction of agents, carrying out simple 
rules based upon the local state of the world, which includes the interac- 
tion between agents and the growing structure. In the sixth chapter we 
characterize structures emerging in pools of irrationally behaving agents. 
Considering the sixth chapter in a context of pattern formation in mas- 
sive pools of discrete entities, we would like to provide several reasons 
for this subject to be so important. First, discrete models offer an al- 
ternative to conventional methods of numerical solutions of partial dif 
ferential equations, an alternative which is so attractive because we can 
control parameters of behavior of each entity of the model and virtually 
program global behavior via local interactions of elements [Toffoli and 
Margolus (1991)]. Impressive results in distributed building in collectives 
of simple mobile agents [Bonabeau (1997)] and in design of smart mat- 
ter [Hogg and Huberman (1998)] prove the viability of the discrete ap- 
proach. Second, discrete models are fully scalable. They describe equally 
well reaction—diffusion systems [Schimansky-Geier et. al (1995)], externally 
driven granular material [Melo et. al (1995)| and crowds of pedestrians 
[Helbing (1991)]. Third, a selfishness and also irrationality, or even a state 
far from mental equilibrium, of an elementary entity can be accounted for 
during simulation. This may be particularly useful in situations when be- 
havior of an entity, e.g. agent, violates physical laws. Thus, for instance, 
self-driven particles [Vicsek et. al (1995)| are not especially common in 
physics; however, they have many real biological and sociological counter- 
parts. A fluid-like dynamic of pedestrians [Helbing (1992)] is, probably, 
the best example. The pedestrian dynamic together with micro-simulation 
of pedestrian crowds forms a new sub-discipline, at the edge of physics, 
computer science and sociology — sociodynamics (Helbing (1991)]. A con- 
cept of active Brownian particles, i.e. diffusing particles that generate a 
self-consistent field, offers another example [Schimansky-Geier et. al (1995); 
Ebeling et. al (1999); Ebeling and Schweitzer (2002)]. The concept, applied 
to real phenomena of cell migration, gas discharges and catalytic surfaces, 
where only a few particles form a stable macroscopic structure, demon- 
strates that a continuous description is not appropriate and the discrete 
nature of the phenomena must be employed. A vibrating granular mate- 
rial is last but not least an example in the raw of discrete models with 
emergent properties. It is shown that various kinds of two-dimensional 
patterns are formed in a vertically vibrated thin granular layer [Melo 
et. al (1995)]. A transition between different classes of patterns may 
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be observed when the amplitude of vibration is changed while the fre- 
quency of vibration is kept fixed. Experimental and simulation studies 
report a wide range of patterns: hexagons, standing waves, labyrinthine 
patterns, stripes and localized structures [Umbanhowar et. al (1996); 
Strassburger and Rehberg (2000)]. 


* KO 


As Marx and McAdam noted 


“The field of collective behavior is like the elephant in Kipling’s fable 
of the blind persons and the elephant. Each person correctly identifies 
a separate part, but all fail to see the whole animal. The logic in- 
volves emergent group behavior in settings where cultural guidelines are 


non-specific, inadequate, in dispute, or lacking altogether” [Marx and 
McAdam (1994)]. 


We hope that models and paradigms developed in the book will con- 
tribute towards building of a coherent mathematics- and physics-based the- 
ory of collective mentality. 


Chapter 2 


Patterns of Affect 


How do emotions unfold in massive pools of simply interacting enti- 
ties? What would happen to a happy missionary surrounded by sad is- 
landers? What would be a reaction of your colleagues if you start cry- 
ing in your office? What would locals in a pub do to you if you be- 
come aggressive? The missionary will become sad, your colleagues will 
be confused and you are likely to be beaten by the locals. We can eas- 
ily predict ultimate outcomes of emotional disturbances; however, antic- 
ipation of a fine dynamic of affects — particularly in spatially extended 
media at the edge of affective disorder — becomes a non-trivial task. 
Mathematical and computer models of emotions [Lettvin and Pitts (1943); 
Colby and Gilbert (1964); Gottman (1997); Marin and Sappington (1994); 
Chandra (1997)], developed so far, are mainly about decision making and 
statistical analysis of neural network analogies of emotion formation, and 
are barely applicable to crowds or even small groups. The missing link 
— from emotions in the small to affect in the massive — is restored in 
this chapter, in studies of “automatic, unintentional and mostly inacces- 
sible to conversant awareness” [Hatfield et. al (1992)] instances of inter- 
actions between emotions in a quasi-chemical sense [Adamatzky (2002c); 
Adamatzky (2004); Adamatzky (2002b)}. So, we develop a concept of artifi- 
cial chemistry of emotions and then analyze dynamics of affective mixtures. 


2.1 Artificial chemistry of emotions 


Artificial chemistry of emotions represents emotions as molecules of ab- 
stract “chemical” species. The molecules react with each other, they “dis- 
appear”, multiply or are transformed to other types of molecules, and thus 
other emotions, as a result of their interactions. Chemical reactions in affec- 
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tive solutions are derived from real-world-like laws of interactions between 
emotions. 

Emotions spread and interact in crowds and collectives similarly to 
molecules diffusing and reacting in chemical mixtures. Emotional contagion 
is a natural pre-requisite for reaction and diffusion in affective solutions: 


“The precipitating stimuli arise from one individual, act upon (i.e. are 
perceived and interpreted by) one or more other individuals, and yield 
corresponding or complementary emotions ... in these individuals” [Hat- 
field et. al (1994)]. 


From three types of emotional contagion — consciousness analysis, un- 
conditional responses and mimicry — discussed in [Hatfield et. al (1994)], 
we select unconditional, and somewhat momentary, emotional responses as 
a basis of interaction between affective reactants: 


“When someone yells and screams at you, generally you do not think, 
“Well, that must be anger, rather than fear; I will try to understand 
it”, at least not at that moment and perhaps never. Instead you flinch, 
cower, or yell back” [Planalp (1999)]. 


In computational experiments we will try to incorporate all possible 
answers to the question: 


“When is the emotion caught the same as, complementary to, or opposite 
from the emotion expressed?” [Hatfield et. al (1992)]. 


Some of the affective reactions studied are selected due to their interest- 
ing dynamics, while others do reflect real-life interactions. There are exper- 
imental findings on diffusion and reaction of emotions; see e.g. a detailed 
account of modern research in communication of emotions in [Andersen 
and Guerrero (1998)]. Appraisals of facial, vocal, physiological and other 
clues [Planalp (1999)], facial muscle response [Lundqvist (1995)] is one of 
the most accessible ones, demonstrate that emotional contagion is indeed 
a reality, with measurable speed [Wild et. al (2001)]. In experimental con- 
ditions, sad faces evoke sadness, surprised faces — surprise, anger — fear 
and disgust, while happy faces evoke happiness and surprise [Lundqvist 
(1995)]. 

We exploit an artificial paradigm to simulate emotional diffusion and 
interaction in crowd-minds: 
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“Now the crowd is in a sense a “transference phenomenon”. In the 
temporary crowd or mob this transference is too transitory to be very 
evident, though even here I believe there will generally be found a certain 
esprit de corps” [Martin (1920)]. 


We design models of affective chemistry with five reacting emotions: 
happiness (H), anger (A), fear (F’), sadness (S) and confusion (C). The 
first four species are basic [Oatley (1992)] culture-independent [Wild et. al 
(2001)] emotions. Confusion is valuable because it may reflect [Moscovici 
(1985)] a high state of disorder, e.g. a crowd throws itself into a confusion 
during outbursts of a collective mood. 

Also, these affective reactants represent a convincing sampling of quad- 
rants of the circumplex model of emotions [Russell (1980)], and thus may 
be seen as sufficient representatives of an affective universe. We do not 
specify how exactly carriers of emotions recognize affective states of their 
corresponding neighbors; we assume that visual and verbal means of com- 
munication [Heise and Weir (1999)] may be implicitly employed. 

In computational experiments we analyze development of affective mix- 
tures, whose initial concentration profiles may be interpreted as follows. 
Carriers of emotions are initially presented with a momentary event or a 
situation, a kind of affective disturbance. They reacted to the situation 
and expressed their emotions. Then they developed “autonomously”. We 
study affective media synthetically, by considering binary mixtures at first 
and then an increasing number of affective species in the mixtures. 


2.2 Happiness and sadness 


Happiness H and sadness S are emotions of unlike phases, so it looks rea- 
sonable to start with a very simple model of their binary interactions. Let 
us design a set of possible reactions and exemplify each of the proposed: 
reactions. When happiness interacts with sadness the happiness is trans- 
formed into sadness: 


H+S —- 28, 
as demonstrated in three excerpts below: 


“But ah! by constant heed I know 
How oft the sadness that I show 
Transforms thy smiles to looks of woe ...” [Beattie (1998)], 
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“For so your doctors hold it very meet, 
Seeing too much sadness hath congeal’d your blood, 
And melancholy is the nurse of frenzy” [Shakespeare (1997a)], 


“ARMADO. How canst thou part sadness and melancholy, my tender 
Juvenal?” [Shakespeare (1997b)]. 


We see that sadness is highly contagious and happiness is volatile: 


“It is happy people who are most receptive to others and most likely 
to catch their moods; the unhappy seem relatively oblivious to others’ 
feelings and to contagion” (Hatfield et. al (1994)]. 


We may assume that H is a resting state of an emotion carrier but S is 
unstable and thus recovers back to H: 


H+S5 3" 29, 


Lares (2.1) 


If a drop of sadness is added to a stirred solution of happiness then reac- 
tions develop leading to a stationary concentration profile: h = fz and the 
rest, ho +80 — fa, is S. When a small amount of sadness is applied to a thin 
layer of happiness, the sadness diffuses and increases in concentration until 
it reaches the maximum concentration of hp — aa this corresponds to a 
decrease of happiness h = fa. The reaction rate k, reflects a degree of sus- 
ceptibility to sadness; ko may be seen as a rate of recovery from grief. The 
ratio fa represents an overall degree of optimism in the affective solution, 
governed by Eq. (2.1). 

In a cellular-automaton model of reactions (2.1) a cell in a happy state 
becomes sad if one of its neighbors is sad, the sad cell then takes a happy 
state independently of states of their neighbors. As we see in an example 
of cellular-automaton configurations shown in Fig. 2.1, an initial distur- 
bance spreads in a thin layer filling the space with checker-board pattern 
of happiness and sadness. An affective medium perturbed by sadness will 
be thrown into mass grief if sp + ho > fa. 

In some situations happiness may produce sadness: 


2H + S +H, 


for example 
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Fig. 2.1 Space-time dynamics of cellular-automaton model of the reaction scheme (2.1). 
Two “drops” of sadness are applied to a thin layer of happiness. Happiness is e and 
sadness is 0. Time arrows downward. 


“... the smile of the beautiful companion has always the same underlying 
sadness when it responds to Lady Janet’s hearty laugh” [Collins (1999b)]. 


The sadness could also recover back to happiness: 
S+H — 2H, 
for example 


“Vernal delight and joy, able to drive 
All sadness but despair: now gentle gales 
Fanning their odoriferous wings dispense ...” [Milton (1999)]. 


These two reactions combined into the reaction 
_k 
2H =) H+S (2.2) 


show happiness dissociating to sadness and happiness, and also contagion 
of sadness by happiness. The reaction may be determined by a vector of 
interpersonal or dependency relationships between carriers of emotions. A 
ratio of stationary concentrations of happiness to sadness is proportional 
to the ratio f2 of reconciliation (kz) to estrangement (k1) rates. 

In the cellular-automaton model of Eq. (2.2) a cell in a happy state 
becomes sad if one of its neighbors is happy; a sad cell becomes happy if 
one of its neighbors is happy; otherwise the cell does not change its state. 
Sadness is a quiescent state (like a substrate) and happiness is a diffusing 
reagent (Fig. 2.2). 

There is also evidence of auto-catalytic growth of sadness, for example 
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Fig. 2.2 Space-time dynamics of cellular-automaton model of the reaction scheme (2.2). 
Two “drops” of happiness are applied to a thin layer of sadness. Happiness is e and 
sadness is o. Time arrows downward. 


“.. she felt herself strongly infected with the sadness which seemed to 


magnify her own ...” [Dumas (1998b)]. 


Such a development, however, does not bring us too interesting dynam- 
ics. 


2.3 Anger, fear and happiness 


Happiness (joy), anger and fear are three emotions basic in the historical 
context of social studies (see [McPhail (1991)] for further references). Joy- 
ous, hostile and fearful masses and crowds are most typical phenomena of 
collective emotions [McPhail (1991)]. Interactions between these species 
are open to equivocal readings: 


“Angry faces sometimes stimulate fear as well as anger; another’s fear 
may put us at ease” [Hatfield et. al (1994)]. 


The saying above gives us the first three possible reactions of the scheme: 


H+A-—* 2A, 
H+A >" F+A, 
F+A 5% F+H, 
F +2 —* 3H; 


(2.3) 


the fourth reaction demonstrates that fear may transform into happiness 
in a “happy” environment. 

Either anger or fear is the first instant reaction to somebody else’s anger. 
Recognition of happiness and fear is not instant and takes some time; recov- 


Patterns of Affect 29 


ery from fear to happiness is a lengthy process. These particulars of non- 
symbolic, and often non-communicative, affective interactions determine 
hypothetical values of reaction rates: k; = 0.1 (aggressiveness, fearless- 
ness), kg = 0.1 (fearfulness), k3 = 0.09 and ky = 0.005 (recoverability). If 
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Fig. 2.3 Dynamic of happiness (thin solid line), anger (thick solid line) and fear (dotted 
line) in a well-stirred reactor with reaction set (2.3); initial concentrations are ho = 1.0, 
ao = 0.1 and fp = 0.0. 


we add a small amount of anger to a solution of happiness, governed by reac- 
tion (2.3), concentrations of all three reagents exhibit damped oscillations, 
as shown in Fig. 2.3. This corresponds to oscillations of extreme emotions 
in experiments with evolving emotional intelligence [El-Nasr et. al (2001)]. 
Eventually, the dynamics of the mixture drifts towards small-amplitude, 
low-frequency oscillations. A transient period — aging of an affective re- 
actor — observed in Fig. 2.3 may also correspond to aging of individuals: 
“emotions become increasingly salient with age” and “older people experi- 
ence relatively low rates of psychological disorders” [Carstensen (1995)]. 

Stationary concentrations reached in the reactor’s development satisfy 
the conditions a* = faba py? and f* = Lh. In a stationary affective liquid 
(2.3) a ratio of anger to fear is proportional to the ratio of recoverability to 
fearfulness multiplied by the degree of happiness. 
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Fig. 2.4 Concentrations of happiness (thin solid line), anger (thick solid line) and fear 
(dotted line) in a thin-layer affective reactor, governed by Eq. (2.3), at 4000th step of 
simulation. 


When we apply a small amount of anger to a thin-layer solution of 
happiness, the happiness decreases in concentration; anger and fear grow 
(Fig. 2.4). The drop of anger splits into two daughter drops traveling 
in opposite directions. Fronts of decreasing happiness and increasing fear 
move in unison with the wave fronts of anger (Fig. 2.5). In a reactor 
with periodic boundary conditions the wave fronts eventually collide and 
annihilate (Fig. 2.5). When the first wave fronts have gone away from 
the site of the original disturbance, the smaller wave fronts are generated, 
because there is still some anger left; then lesser wave fronts are generated 
until the affective species are distributed uniformly with the ratio of reagent 
concentrations as described earlier. 

To simulate the affective reactor in a cellular automaton we can simplify 
the scheme (2.3) and substitute the last two reactions of the scheme (2.3) by 
reactions A — H and F — H. Thus, in the automaton model of reactions 
(2.3), a happy cell takes either anger or fear (with probability 4) if one of 
its neighbors is angry; angry and fearful cells recover to the happy state. 

When a small amount of anger is applied to a thin layer of happiness, 
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Fig. 2.5 Traveling wave fronts of anger in a thin-layer affective reactor, governed by 
Eq. (2.3), periodic boundary conditions. Time arrows downward. 


wave patterns of anger and fear are formed as 


--H-.-.-HAHFH..-H.--- _ traveling leftward, 
--H.--HFHAH..-H--- — traveling rightward. 


Due to the stochasticity of the transition (‘#’ means any state) 


(AHA), (AH#), (#HA) > (A, F), 


a wave may abruptly annihilate; see the first wave from the right in Fig. 2.6, 
or even reverse its motion; see the second wave from the right in Fig. 2.6. In 
cellular-automaton models anger-fear waves are rarely annihilated as the 
result of collision; rather, two waves form immobile or mobile bound states 
or one of the interacting waves is canceled by the other. 
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Fig. 2.6 Space-time dynamics of a cellular-automaton model of simplified reaction 
scheme (2.3). The reactor starts its evolution in a uniform state of happiness with a 
few drops of anger, arbitrarily applied to the medium. Happiness is e, anger is o and 
fear is x. Time arrows downward. 


2.4 Happiness, anger, confusion and fear 


The following set of reactions is inspired by emotional architectures based 
on evaluation, activation and a sense of potency [Morgan and Heise (1988)): 


H+A—*": A, H+2A —>*2 F, 

A+2H >" C, A+2F 3" H, 

C —*: H, C+A—* F, (2.4) 
F+H+A-""C,  F—*C, 

F+A-—* F, F+H —*0 H, 


The first and second reactions of Eqs. (2.4) represent a “flight or fight” 
choice. The third and fourth reactions show how anger of a single affective 
carrier may evolve. So, the first four reactions may be seen as related to, 
talking in terms of [Morgan and Heise (1988)], differentiation of emotions by 
activation and potency, where for example local potency of happiness is in- 
versely proportional to the concentration of anger in the local vicinity of the 
happiness. The fifth and tenth reactions of Eqs. (2.4) show that confusion 
and fear recover to happiness; happiness is seen here as a “ground state”. 
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The seventh and eighth reactions reflect recovery of fear to confusion. 
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Fig. 2.7 Dynamic of happiness (thick solid line), anger (thin solid line), confusion (dot- 
ted line) and fear (dot-dashed line) in a well-stirred reactor with reaction set (2.4); initial 
concentrations are hg = 0.9, ag = 0.1, fo = 0.0 and co = 0.0, reaction rates are k; = 0.1, 


ko = 0.1, kg = 0.01, kg = 0.001, ks = 0.001, kg = 0.01, k7 = 0.05, kg = 0.001, kg = 0.05 
and ki9 = 0.01. 


What happens if we drop some amount of anger in a well-stirred reactor 
(2.4) filled with pure happiness? The reactor exhibits a short-time outburst 
of fear (Fig. 2.7) followed by an outburst of confusion; happiness decreases 
in concentration, and hence recovers later. 


“Emotion sometimes seems to come out of nowhere, to hit you with 
full force, then to be over as quickly as it came .... It feels like a 
freight train of emotion hitting you (or perhaps sweeping you off your 
feet...” [Planalp (1999)}. 


Concentrations of all reagents undergo damped oscillations until they 
all reach the same stationary level (Fig. 2.7). This may demonstrate that 
the affective system (2.4) is non-psychopathic, i.e. does not suffer from 
emotional deficiency and low reactivity [Partick and Zempolich (1998)]. 
Affective dynamics in Fig. 2.7 shows a drastic resemblance to emotional 


34 Dynamics of Crowd-Minds 


changes experienced by survivors of disasters: disbelief and confusion are 
followed by anger and disappointment, then disillusion and finally (but not 
necessarily) happiness {Stein and Myers (1999). 

The reaction scheme (2.4) allows for constructing a deterministic 
cellular-automaton model of a thin-layer reactor as follows. A happy cell 
becomes angry if there is exactly one angry neighbor. The happy cell takes 
a state of fear if there are two angry neighbors. An angry cell becomes 
confused if there are more happy cells than angry cells in its neighborhood. 
If there are two fearful cells in the neighborhood of an angry cell the angry 
cell takes the state of happiness. A confused cell becomes happy if there 
are no angry neighbors, and the cell takes a state of fear if there is at least 
one angry neighbor. A cell in a state of fear takes a state of confusion if 
there is one happy and one angry neighbor or if there are neither happy 
nor angry neighbors. The fearful cell becomes happy if there is at least one 
happy neighbor and no angry neighbors. Any initial configuration which 
includes happiness will evolve to a configuration where most cells are in the 
state of happiness (Fig. 2.8) with a few domains of stationary localizations 
in the form 


..- HFACH-.. 


..:HOAFH --- (2.5) 


The localized patterns consist of at least one angry cell surrounded by two 
neighbors which alternate their states between fear and confusion. As we 
can see in Fig. 2.8 the domains (2.5) can be canceled by traveling localiza- 
tions 


..» HHHAAFHH.-.. 
... HACCCHHH --- (2.6) 
... HAAFHHHH--- 


Traveling across a layer the localization (2.6) locally switches elements 
of the layer to anger, followed by fear, followed by confusion, followed by 
happiness (Fig. 2.8). When an affective solution (2.4) is locally perturbed 
by anger, traveling localizations (2.6) and immobile domains (2.5) are gen- 
erated during a very short transient period of a quasi-chaotic dynamic. 
Some immobile domains and traveling localizations are annihilated in col- 
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Fig. 2.8 Space-time configuration of cellular-automaton model of a thin-layer reac- 
tor (2.4), which starts its evolution in a random configuration of happiness, anger, con- 
fusion and sadness. Cells in a state of happiness are white pixels, other states are shown 


by gradations of gray. Exact configurations of exemplary stationary and mobile local- 
izations are provided. Time arrows downward. 


lisions with other traveling localizations; however, a few domains survive 
and persist in the system indefinitely. 


2.5 Happiness, anger, confusion and sadness 


From literature analysis we could extract the following set of most com- 
mon types of affective reactions between happiness, anger, confusion and 
sadness: 


(1) H+ A535 C+A: 


“Anne blushed a second time, and turned aside under the pretext of 
taking her pen from her desk again, but in reality to conceal her con- 
fusion from her son. “Really, Philip”, she said, “you seem to discover 
expressions for the purpose of embarrassing me, and your anger blinds 
you while it alarms me; reflect a little” [Dumas (1998a)]. 


a“ 


. although she did not look, she could feel Martin’s anger like a flame 
beside her. She was aware that Aunt Anne and Mr. Warlock were, 
like some beings from another world, distant from the general confusion. 


Her one passionate desire was to get up and leave the place ...” [Walpole 
(2003)]. 


(2) H+A>* S+A: 
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(9) 
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“Be careful, be very careful, not to wake his anger against yourself, for 
peace and happiness depend on keeping his respect. Watch yourself, 
be the first to ask pardon if you both err, and guard against the little 
piques, misunderstandings, and hasty words that often pave the way for 
bitter sorrow and regret...” [Alcott (2000)]. 


H+A" $+ H: 


“His eyes grew less stern, less cold; a look of sadness came upon his face. 
His love was stronger than he suspected. Mademoiselle de Verneuil, 
satisfied with these faint signs ...” [de Balzak (1972)]. 


H+S—"* H+: 


“The sight of their own hard lot and of their weakness, which is daily con- 
trasted with the happiness and power of some of their fellow-creatures, 
excites in their hearts at the same time the sentiments of anger and 
of fear: the consciousness of their inferiority and of their dependence 
irritates ...” [de Tocqueville (1998)]. 


H+S3*C+S: 


“They are gay without knowing any very sufficient reason for being so, 
and when sadness is, as it were, proposed to them, things fall away from 
under their feet, they are helpless and find no stay” [Meynell (1999)]. 


H+S—3* A+S; 


“And when Ortiz and Navarro joined the circle, the story of the fall of 
the Alamo was told again, and Luis forgot his own happiness, and wept 
tears of anger and pity for the dead heroes” [Barr (1995)]. 


H+ S$ —*7 2S: discussed earlier. 
A+C 3's 2A: 


“ 


.. which were deprived of their heads by cruel men, despoiled of their 
wealth, the pious driven, like thee, from their homes; fear everywhere, 
everywhere robbery and confusion: all this ruin might have angered 
another temper” [Lang (1996)}. 


A+S 3" C+S: 


(10) 


(11) 


(13) 


(14) 
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“Motionless and trembling, the girl stood clinging to the bars, to catch 
his words if he spoke. Seeing him so depressed, disheartened, and pale, 
she believed herself to be the cause of his sadness. Her anger changed 
to pity, her pity to tenderness, and she suddenly knew that it was not 
revenge alone which had brought her there” [de Balzak (1972)}. 


2H 0 A+ H: 


“Why are you jealous of the sudden reveries which overtake me in the 
midst of our happiness? Why show the pretty anger of a petted woman 
when silence grasps me?” {de Balzak (1998)}. 


3H >' C+A+4H: 


“Roger was filled with confusion and anger. A hoax on the part of some 
of the Corn Cob Club, he thought to himself. He flushed painfully to 
recall the simplicity of his glee” [Morley (1994)]. 


2H *2 H+ S: 


“The old order was changing rapidly to give place to the new, as Anne 
felt with a little sadness threading all her excitement and happiness” 
[Montgomery (1992)]. 


“But it was not because he was particularly proud this morning, as is 
the wont of bridegrooms, for his happiness was of a kind that had little 
reference to men’s opinion of it. There was a tinge of sadness in his deep 
joy; Dinah knew it, and did not feel aggrieved” [Eliot (1996)]. 


“’.. Monsieur Mazarine had only taken delight in overwhelming me with 
sadness and grief, and in exposing my health and my life to his most un- 
reasonable caprice, and in making me pass the best ...” [Molloy (1999)]. 


2A -*13 A+C: 


“ 


. wondered whether she had behaved badly in jumping up to meet 
him. As she considered this her anger and her confusion at her anger 
increased” [Walpole (2003)]. 


2A —'4 C4 S: 
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“Since she had been speaking of M. Van Klopen, Mlle. Lucienne seemed 
to have lost her tone of haughty assurance and imperturbable coolness; 
and it was with a look of mingled confusion and sadness that she went 
on” [Gaboriau (1999)]. 


(15) A—*5 §: 


My anger has left me, my sadness returned, and once more the tears flow. 
Whom can I curse, whom can I judge, when we are all alike unfortunate?” 
[Morley (1994)]. 


“This fit of hot anger was succeeded by a sudden sadness, by the dark- 
ening passage of a thought that ran over the scorched surface of his 
heart ...” [Conrad (1998)]. 


(16) A *6 CO; 


is 


. and the marquis’s anger gradually changed to anxiety. “What can 
have happened?” he thought” [Gaboriau (1995)]. 


(17) 2C 347 S$ + A: 


“My state of mind is truly indescribable. Grief mingles with anger, when 
I tell you that my sweet Euneece has disappointed me, for the first time 
since I had the happiness of knowing and admiring her” [Collins (1999a)]. 


Let us discuss stable sets of reactions. A set is stable if no reagents 
initially absent in the set are produced. Set {H,5S} was already discussed 
earlier in this chapter; sets {H,C}, {H, A} and {S,A} are not present in 
a stable form. Set {A,C} employs reactions 8, 13 and 16. In a discrete 
model of a thin-layer reactor with reactions 8, 13 and 16, cells update their 
states by the following rule. If there are angry and confused cells in the 
neighborhood of an angry cell then the angry cell remains angry. If there 
are only angry neighbors the cell either remains angry or becomes confused 
with probability 3; otherwise the angry cell takes the state of confusion. 
A confused cell becomes angry if there are angry neighbors in its close 
vicinity. The states of anger and confusion, see Fig. 2.9, co-exist indefinitely 
in the reactor’s evolution, and the space-time dynamic of the discrete model 
looks rather chaotic. Consider a well-stirred affective mixture governed by 
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Fig. 2.9 Space-time dynamics of cellular-automaton model of the thin-layer mixture 


governed by reactions 8, 13 and 16. Anger is shown by white pixels, confusion is black; 
n = 800, t = 250. 

















reactions 8, 13 and 16. Let initially the mixture contains only anger. Then 
the mixture evolves (we can ignore the reaction A — C) towards a global 
state of dominating confusion if the rate of remorse prevails over the rate of 
confusion (kg < ki3) or anger (kg > k13). Qualitatively, the set {H,C, A} 
may be reduced to {C, A}. 

The set {H,S,C} is determined by reactions 5, 7 and 12. Assuming 
reaction rates ks = ky = kyq = 0.1 and that the initial solution contains 
only happiness, we find that happiness vanishes and the final concentrations 
of confusion and sadness satisfy c* = $h° and c* = j£h°. The cellular- 
automaton model of {H,S,C} behaves differently. A happy cell takes a 
state of confusion (with probability 4) or sadness (with probability #) if 
there is a sad neighbor; the happy cell remains happy (with probability 4 
or becomes sad (with probability 3) if there are only happy or confused 
cells in its neighborhood. A confused cell does not change its state. An 
initially random configuration evolves to a pattern comprising stationary 
domains of happiness, confusion and sadness; see Fig. 2.10. 

Set {H,5S,A} includes eight reactions: 2, 3, 4, 6, 7, 10, 12 and 15. 
Assume that anger reacts with happiness twice as fast as happiness reacts 
with sadness (e.g. because angry faces are recognized faster than sad or 
happy faces [Hanses et. al (1988)]) and that anger very slowly recovers to 
sadness. Then we can use the following reaction rates: kp = 0.1, k3 = 0.1, 
k4 = 0.05, ke = 0.05, ky _ 0.05, kyo = 0.05, kyo = 0.05 and kis = 
0.001. In experiments with such mixtures we find that an initially happy 
solution exhibits outbursts of anger and sadness. The anger then declines, 
while sadness becomes dominating in the solution (Fig. 2.11). In a cellular- 
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Fig. 2.10 Space-time dynamics of a cellular-automaton model of the reactions 5, 7 and 
12. The initial configuration features a random distribution of happiness, sadness and 
confusion, n = 80, t = 25. Happiness is e, confusion is * and sadness is X. Time arrows 
downward. 





concentration 











time 


Fig. 2.11 Dynamics of concentrations of happiness (solid line), anger (dashed line) and 
sadness (dotted line) in a well-stirred affective reactor governed by reactions 2, 3, 4, 6, 
7, 10, 12 and 15. 


automaton model of reaction set {H,A, S$}, cells behave as follows. An 
angry cell becomes sad unconditionally. A sad cell becomes angry if there 
is at least one happy neighbor. A happy cell undergoes a deterministic 
transition to sadness if there are only angry cells in the cell’s neighborhood. 
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The happy cell switches to an angry or remains in a happy state with 
probability 3 if its neighborhood contains only happy or only sad cells. If 
there are sad and angry cells in the neighborhood of the happy cell the cell 
becomes sad with probability 3 or angry with probability i. A space-time 
configuration (Fig. 2.12) of a cellular automaton simulating the reaction 
mixture {H, A, S} is characterized by long-living domains of happiness. In 
these domains, cells which are not happy change their states cyclically: 
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Fig. 2.12 Space-time dynamics of cellular-automaton model of the reactions 2, 3, 4, 6, 
7, 10, 12 and 15. The initial configuration features a random distribution of happiness, 
anger and sadness, n = 80, t = 25. Happiness is e, anger is o and sadness is x. Time 
arrows downward. 


Affective solutions governed by reactions 8, 9, 13, 16 and 17 of the set 
{A, C, 5} show an auto-catalytic growth of sadness (unless kj7 = 0), and a 
decline in anger; confusion reaches a stationary concentration meanwhile. 

Happiness is never generated in the entire reaction scheme; the happi- 
ness either dissociates into other reactants or acts as a catalyst. This means 
that if ever happiness is present initially in an affective solution, its con- 
centration will decrease until the happiness completely vanishes (so there 
is no point in considering the set {H, A,C, S}). 


2.6 Emotional abuse therapy 


Our paradigm of affective solutions is a toy model reflecting, up to some 
degree of accuracy, real-life phenomena. This is useful, however, in demon- 
strating principal trends in affective developments, as we show in the fol- 
lowing example of an emotional abuse. The emotional abuse, particularly 
its demeaning form, is characterized by a typical patterned behavior, where 
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aggression is followed by contrition, then happiness and then recurrent ag- 
gression [Loring (1994)]. In the course of an abusive relationship an abuser 
“alternates between positive, kindly responses and negative, abusive reac- 
tions” and a victim “continues to seek attachment with an abuser who has 
withdrawn his affection” (a kind of anxious attachment) [Loring (1994)]. 

The following set of affective reactions seems to grasp perfectly the 
content of emotional abuse: 


2H =" H+ A aggression, 
H+A >" §4A victimization, 
S+A—>**S$4H pleasing, 
S+H—*42H contrition. 


(2.7) 


In the model we consider a high level of aggression, k; = 0.1, intermediate 
values of victimization and contrition, ky = k, = 0.05, and a miniscule 
degree of pleasing, kz; = 0.001. Initially, a pure solution of happiness expe- 
riences an abrupt fall in the concentration of happiness, an outburst and 
a subsequent decline of anger associated with a smooth growth of sadness. 
The reaction solution reaches its quasi-stable state, where stationary con- 
centrations of happiness and sadness are expressed via the concentration of 


kik 

A cellular-automaton model represents igeal dynamics of an affective 
solution (2.7) a bit differently from that in a well-stirred reactor. A happy 
cell becomes aggressive if at least one of its neighbors is happy and neither 
neighbor is aggressive. A happy cell takes a state of sadness if at least one 
of its neighbors is aggressive. An angry cell becomes happy if at least one 
of its neighbors is sad. A sad cell takes the happy state if there are happy 
cells in the cell’s neighborhood. If a thin-layer reactor starts in a uniform 
state of happiness, then it evolves to a stationary state of uniform anger. 
A random initial configuration, where all three affective states are present, 
gives rise to a fractal dynamic, as shown in Fig. 2.13. As soon as domains 
of happy states are formed they initiate outbursts of anger. The domains 
of anger, bounded by sadness, then gradually vanish until the outburst of 
violence is repeated. 

The stationary concentration profile in the “abusive” well-stirred solu- 
tion (2.7) perfectly satisfies the common-sense finding: 


anger (a*) as follows: s* = f2a* and h* = ,/ kakzg*, 


“... as long as the other partner continues to be submissive, the other 


partner’s anger will grow” [Loring (1994)]. 
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Fig. 2.13 Space-time dynamics of cellular-automaton model of the reaction 
scheme (2.7). The reactor starts its evolution in a random configuration of happiness, 
anger and sadness. Happiness is e, anger is o and sadness is *. Time arrows downward. 


When detachment of a victim from his or her abuser is impossible, 


two types of therapy may be considered. “Tit for tat” would be the first 
approach, 


Anger is better than laughter: because by the sadness of the countenance 
the mind of the offender is corrected [The Holy Bible]. 


2H" H+A aggression, 

H+A—"2A retaliation, 

2A-—~*s A+C remorse, (2.8) 
C+H-*42H reconciliation, 

C+A—-*2C remorse. 


When the victim is angry the abuser becomes confused; see reaction 
2A — A+C. The confusion is a common therapeutic tool [Paar (1992)] 
used to move an “individual closer to a bifurcation point, from which the 
individual may either fall back to old patterns (the therapy fails) or moves 


on to new ones (the therapy succeeds with a bifurcation to a new attrac- 
tor)” [Abraham (1992)]. 
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In numerical experiments with an affective solution (2.8) we use reac- 
tion rates corresponding to rates of the solution (2.7): ky = 0.1, ke = 0.05, 
k3 = 0.002, kg = 0.05 and ks = 0.001. An example of abuse therapy in an 


concentration 





time 


Fig. 2.14 Dynamics of an affective liquid in the course of abuse therapy. The liquid is 
“purely” abusive, reaction scheme (2.7), until the 400th step of simulation, then therapy, 
reaction scheme (2.8), is applied. Development of concentrations of happiness (solid line), 
anger (dashed line), sadness (dotted line) and confusion (dash-dotted line) is shown over 
time. 


affective solution is shown in Fig. 2.14. We started with an abusive solu- 
_tion, determined by reactions (2.7); then, when the concentration dynamic 
reached its stationary state — where sadness co-exists with aggression — 
we started a course of “therapy”, determined by reactions (2.8). The “ther- 
apy” may be seen as an application of a certain catalyst that changes the 
course of the reaction from scheme (2.7) to scheme (2.8). In numerical ex- 
periments, at the beginning of the therapy course we observed an outburst 
of anger, associated with decline of sadness and growth of confusion; see 
Fig. 2.14. This was followed by damped oscillations of anger and confusion, 
until the new stationary state is reached. 

In a cellular-automaton model of a thin-layer reactor (2.8) a happy cell 
takes a state of anger if at least one of its neighbors is happy or angry; an 
angry cell becomes confused if either of its neighbors is angry or confused; 


Patterns of Affect 45 


OKO KODE KOO HOO FO00OO HHO KOOO HOE KOOC OOOO SOOO KH HKO DOO 90 C0800 FOKOOOKHEHOOO HO OO OO+OO 
OOOOH HOO POO OOH KKKKOOO KEK HED O OOOO KODODDCO008 ROOK eKOOOEOCOOOOKKEKOO KEHOE E*KOOOOO#O 
D000 0 OKO KO EK KR KOO EEE ROOD OR KEE E EEE EKO OO HE HEHE OOH HOOK EOD KKK HO OKO OK 
HN OHHH RR OO A OR OOK OO OR EEE OO REE EEE ESE KOE 
OO OR RKO RO OHNO OO Oe EEK OO EEE ROO RRR EEE HO 
Cr eee Pee ee eee eee eee ee eee eee eee eee Te TT PTT ET ETT 
OH NM AO HHMI eke ne ke RE OO RK OO OOK OKO OO OO OO 
ee ee a eee TTT TEE 
Be AHO NH aA IH OO IHR HK OOK RO EEO OOOO RE 
BO RO ON HHH OO ORR ORR OOO REE EEOC REE EO OR EERE 
eA OH FF HOO HH RAH HH OO a OO a ROR OOOO OOO © KO OK OK 
EL dhisdbaidh-d- dededededeied db dpdedadadatdededadededidededs k ddpdadgdededbdedetedtdeh ddd LA cad dk kk 
FHM OO HH OO RK tO IO OF OOO OOO KOO OK 
DN HOO OO ke ke OO RO OOO OHO OOOO OOOO KE 
RNR AIHA I HOO ke OO OOOO ROO IO HOR A HOR 0 @ 4 0 OK 
Ch tle dedadadadedhd lL dlededide a. hehehe eee eee eee Lee eee eee eee eee eee ee ee ere Pere re | 
ee Ne ae ee OO RRR HHH OO OO I OR OO HHO OK OO KOKO 
0 Ok OOH OO OIRO OOOO ONO EOE ORE ER EE OOK EH 
Oe te OI OIRO ROR III OOOO KOR ORION RR KOK RG aR gio @ tt 
De OO OOO OOO HOR OIA OO ROR ER ROR OE EE HOO BE 
HHH OA HM HHH NA OO OO FORO IOHOR IO HOO @ Ok 
S dadeaiedl i dedndndindiedesindadnded be abdedadedade kh dpdededbdndededededaledededdadudeindsieiblied tad deded dt hd dike ke ee oe 
OO RIKI OOO BOI OI IOI ORO III IORI RRO RRO HOI KOK KK O 
EE Add dh dpdodndeddedededeted:h dedudedededed Led bdddddddddddhieL LEE eee eee eee ee 
FO A ORK MRO NIH ORONO REI OROIOII IOI OIIOI IO 


Fig. 2.15 Space-time dynamics of cellular-automaton model of the reaction 
scheme (2.8). The reactor starts its evolution in a random configuration of happiness, 
anger and confusion. Happiness is e, anger is o and confusion is *. Time arrows down- 
ward. 


a confused cell becomes happy if either of the cell’s neighbors is happy. The 
automaton lattice jumps to a state of uniform confusion (all cells are in the 
state C’) if its initial configuration does not contain confusion. If the initial 
random configuration contains happiness, anger and confusion the majority 
of the cells take the state of confusion; however, waves of happiness and 
anger develop (Fig. 2.15). Each wave has a front of happiness and a tail of 
anger: ---CAHC..- (rightward) and---CHAC.-.- (leftward). The waves 
annihilate when they collide (Fig. 2.15). 

As we can see in examples of well-stirred (Fig. 2.14) and cellular- 
automaton (Fig. 2.15) models, the “tit for tat” therapy, reactions (2.8), 
does not work as perfectly as we would want it to. The therapy (2.8) 
makes affective carriers confused but not happy. Behavior at the edge of 
irrationality, or emergent behavior, is rarely absolutely suppressible: 


“As Talleyrand said to Napoleon: “You can do everything with bayonets, 
Sire, except sit on them”. And ruling is not a matter of seizing power, 
but the easy exercise of it” [Ortega y Gasset (1985)]. 


To make both partners responsible for abusive behavior may be yet 
another therapeutic approach: 


2H >" H+ A, 
H+A-" S4C, 
S+ H's oH, 
C+H —* 2H, 
S+A—*s 2S, 
C+A—*s 2C. 
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Fig. 2.16 Dynamics of an affective liquid in the course of “both parties” fault therapy. 
The liquid is “purely” abusive, reaction scheme (2.7), until the 400th step of simulation, 
then therapy is applied, reaction scheme (2.9). Development of concentrations of happi- 
ness (solid line), anger (dashed line), sadness (dotted line) and confusion (dash-dotted 
line) is shown over time. The following reaction rates are used in experiments: k; = 0.1, 
ko = 0.1, k3 = 0.05, ka = 0.05, ks = 0.07 and kg = 0.07. 


The dynamic of a well-stirred reactor during the second therapeutic 
approach is shown in Fig. 2.16. The therapy does not simply decrease the 
level of anger but makes happiness the second dominating reagent in the 
affective solution; however, confusion still prevails. 

An example of a space-time configuration of a cellular-automaton model 
of a thin-layer reactor (2.9) is shown in Fig. 2.17. This dynamics is deter- 
mined by the following cell state transition rules. Confused and sad cells 
become happy if there is a happy neighbor. If there is a happy neighbor 
and no angry neighbor of a happy cell, the cell becomes angry. If there are 
happy and angry neighbors of a happy cell, the cell takes an angry state 
with probability 3 and confused and sad states with probability i: An 
angry cell takes a state of confusion (sadness) if there are confused (sad) 
neighbors and no happy or sad (confused) neighbors. The cell takes the 
state of sadness (confusion) with probability 2 and the state of confusion 

1 


(sadness) with probability 4 if there are only happy and confused (sad) 


neighbors. If there are both sad and confused cells or only happy cells in 


47 


Patterns of Affect 








Hee aeRO eae CORR eer eas sew oo sr eeO FEE eeOGRTeeO geste 
see aoa Sec caXkeakkoXesacrsersog ra ceoxvexgoxKes 
DRERRESSCAGHIOORKOOOTE FOOESREODEEOXOD XX OX GOXX O80 0% 
OXAKKKK sousasgxe e032 ee 00% geogeseeooss 

Soevereerxe OOK OX SO OKXX Kg AKA gore 

Kae ena eee OOHHaOOOHH ORES OE EEE EOXXXXX 9 040 0 te OXXXXX Os 
SeontsesgecgyxgacosxeorXecsitserssseaoees £eXXXXXog 
geoorssekeoXXeXeors ese es orsseeorsetsaoesssereessed 
Keo ane eoXXe re annex OoX% gaont seed rt aad Oeste eClee send 





OOF 240000448800 4490 00% XO Oe eerens res eo XX 
Botraggesreggoriekscs reg bPSSSOS F455 x oy 
xa0 greoX a40044eX%eoX geeggreeogs aggrgesoXXe 
x Legg reecogys 2 ooXXeoXXesec epgorXerecyre 
ge Xe ge XaXwogrerereorXereorXereoXXoXoor 
XXe 490% greorreXeors SOOHP OOO TEE BSOOE ESE OD 
oes eeooX gerorresogy POCO HOODIE SISTERS TS 
*OOSBOD FOOD *eZge Xgeoorsgeogyrgecars eoo 
#aOX Qeeoess woXKeXeXeoree goXXeXeoyreXeor 
geoor geo RPOQRreorrereoXXe XReXeorses 
oanarxsoXXaXeao Xgeoore e00re 
eaooX% ga eoXXeXeorvere LRreXsoyrereorre 
OHFeHROR FOX EROOXX OR 004 HO OXK® XReXeorserearys® 
HHEPRROXROF FDO 4 FO FOD EF OBOOS Sereeoorse 
taHeeroses voor eXeXeoXXs goXXeXeorse oXXe 
HRESSOXXOXG GOGH HOO EO TSOXXOX OOF EM HTSHHOXOS HE 
MXXX Xe ee ov veo Xeevogereeo EF MSOCOF* SSID HF OOSO*® 





XoOeee000 
Xoreae 
















































sade * x Keoe ser eon 
HAMRAMRMRIN GOO Ss peOR eee Le eveonrenachee 
orreeo 
Aad s 
or rekeoxSs 
ASRAaR*SC HOO HE OfSF* GOOD 
PCECERPERESTESES SETS SS 
See eeeo eXeongeXeorneseors *% 
SOPMBOSH HR HOOD eeooreeeogs 
PSESt PTTL SESS | IEOSSOCE TES £4 Rx 
grecsrerooryere ereXeoXXere *e 
COSEH tO COOXX OOOOH +E H0OX%XO® @5 
HROORHOHEOXX OH OOXX Xeorrakte e9 
He POX aoXXeX eons x¥O FeOXSS eo 
DEF HOROOHHOOOOH O%* 9900% +e eve 
Bose eeoooesecoo ORFF FOO REO ++ ee 
* * HeRRE HOE ++ % 
ES PEIEL SPECT E Cott TESS eee eT ARK 
ore cates corr e%er CORRE RAKES 5 &x XxX 
HORODHSHHOOHHOOEHGOXXKXRKX GG XX xX 
BFPoosweecggsec Keoeeenereves xx +ee 
SORHHOOMNOKEXOOH ERR HE SO GE e ese 
eer eo HOKOCOKHOCOOKHEFORDOF 2 ox 
e+ere w¥eCC oF @COCCORRSHBOT oor 
yeore OKC OAK Ogereorres oo# 
eeoor HHHROKOHOOXMoOODO EE ove 
FOOAGHHORXAXN GO 4 OX 0 HO OXKXX eases eeors sare rerere 
RIODHE SOFT FOOD EEODEFET ITS eXXXXeoyseysracrres 
eOggseeogyseeo £490 4 4 OXXXKK 9 OXX og aXe akraarg yee 
ee arXaxeorXoreoXXacaXeorerseXereoXXee carr aorXare 
OXAGHEOXOORRG 9904 4 OR OCOHFOOXKEOCOFFOTERHENOEMOES 





SE PTIGAR SES RLLHS ORL LL OK: Sots SRRRIL EO IO ETS 


Sonesta agkSh 





XRXNO Reese eee ere 
5555-5 POPS SESS SEES SS DEERE SHEE ELST OLEES 
PERPO OED # HeOXNRN 90g wv ORR orFeceseg BaXKKK 
x SeOgELHeDN Ss eBOOF Fe eCO>> OP FO OXX BAXXAXX can re 
#OHOOAKG £OOXXG O05 OE OORF EPO OHFETO FO GENES OASTERDS 
SIEFEHOC OEE HOOT TOXODSPFOSE DHF EFOOH TORII SIEF® oa% 
CH GSHHSOOOAZEPOO TO SOO FPSO COFFS COOSSEC*ABOTIE SOTO 
X@ORNKK@ QAXXK@ ont ez OOHsEsPOEE EE SOLLES XeoseeXeoe 
POPE HOT OHTA AHO THERE ONKXKN | eXXXKXK eeoXe creas 


SOORTFMETHHROHQOX OFEFMOOR EF OSOEES 























OTOOTHOOOHROXOOH 0 oX%XeygoXX Xe oXX eX 
OFS HHOT HEH ORE +2 Ot BOX zao° e00X Brteor 
SHPARTO RRC R* coors ennnX 9900%Xee05XXee50 
AHA BAM CHSPHTYOPTO PSO PsOF LO geores Zoos eee ox 
Coe sewOre Hed oXeXeor ser aor eaten gs9oX ervoXXes 
CHPOOOT THOMA HED ETOHODESEOB00F FOOD OXX BEDOK K ga TOXXe 
PHOTO OR TORO OHFOROOFS OOH SS EOOE EO EOD ES OX R04 + OX DSS 48s 
secrveXecnsereseossszeXeorraXeorsaXecsseXeors KeoX 
OSCOs Hw O OTRO RSONEENN pe oos se eoorseeooese vores 

ROSH HEHE OCOHFOCH IO BQOSEAEMPOAEE SOQ S 444 BOT OF o 
RRO Ss saw ag ne sete OXXXRK Kg LARK 9B RERRS Go aes e eee oe 
XK 04 602 OXGO HHO OREHAHO OEE ESO OF ELE SOE SSTBOF TS FO 29% 
KagaX oXXgeog% XXXXKg 90g XX 99 00XX9 90.9 XX ge og kX oX¥o 
BOXK aT OXKG ORK 9 OMKAKK GX 9 GNX aXe gXXoXaaXXeXe oXXe eo orX 


of the reaction 


dynamics of cellular-automaton model 
scheme (2.9). The reactor starts its evolution in a random configuration of happiness, 


2.17 Space-time 


Fig, 


is x. Time 


d sadness 


ion is * an 


, confus 


iness 1S ®, anger 1s 0 


anger and confusion. Happ 


arrows downward. 


the neighborhood of an angry cell, the cell takes the state of confusion or 


sadness 


i 
2: 
in a random configurat 


each with probability 


b] 


ive 


ing domains of sad- 


taining all four affect: 


lon con 


When started 
states, the model reveals waves of happiness, 


ness and confusion 


liv. 


and momentary outbursts of anger 


in the evolution of the cellular- 


long- 
ever, global concentration dynamics (Fig. 2.18) shows that happiness and, 


tates 
how- 


ive s 


All affecti 
automaton model 


? 


? 


look equally present 


Overall, the model may 


il in the reactor. 


ion prevai 


slightly less, confus 


ion, 


. As one youth said of pol 


iolence is indeed a good solut 


ions v. 
hen applied to authorit 


dit 


alin con 


demonstrate that in cert 


1Ce€ 


les 


in some cases even W 


iot in Bristol was over: 


Ss rlo 


after the St. Paul’ 


“... they will never again treat us with contempt ... they will respect us 


now” [Reicher (1987)]. 


48 Dynamics of Crowd-Minds 








D4 en nee? ae te 


happiness 


a dj adi he 


concentration 








aoa : 
0 $00 1000 1500 2000 2500 3000 3600 4000 


time 


Fig. 2.18 Concentration dynamics of affective reagents in cellular-automaton model of 
thin-layer reactor (2.9), see also Fig. 2.17. The reactor started its development in a 
random configuration. 


2.7 Affectons 


In the rest of the chapter we adopt a more formal approach to affective 
dynamics and consider dynamics of finite-automata models of emotions. 
An emotional automaton — affecton — is a tuple (E, f), where elements 
of a finite set E represent emotional states and a function f: Ex E-E 
calculates the next automaton state from its current state and its input 
state (both states are elements of E). Affectons evolve in a discrete time, 
measured in generations or updates of automaton states. If an automaton 
takes the state s* at time step ¢ and its input state is y’, then it takes the 
state st! calculated as s‘t! = f(s, y*), st, stt!, yt ¢ E. The set E includes 
the following emotional states: ¢ (happiness), a (anger), « (confusion), 
o (sadness) and ¢ (“a currently experienced distress at an apprehended 
future threat” [Mullen (1997)]). We avoid using formal definitions of the 
emotional states in the present chapter; we appeal rather to common-sense 
notation that can be found elsewhere, see e.g. [Amelie (1980); French and 
Wettstein (1999); Hillman (1992); Izard et. al (1998); Kenny (1994); Lewis 
and Haviland-Jones (2000); Lyons (1980)] to name but few. Alternative 
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constructs of emotions can be found in [Marchant (1999)], where logical 
representations of emotions are derived from combinations of actions and 
appraisals. Most of the published works stick closely to the classical St. 
Augustine’s representation: 


“Love, then, yearning to have what is loved, is desire; and having and 
enjoying it, is joy; fleeing what is opposed to it, it is fear; and feeling what 
is opposed to it, when it has befallen it, it is sadness” [Saint Augustine 
(2000)]. 


When defining binary interactions of emotions, tabular representations 
of f, we assume that carriers of emotions are discrete, i.e. subjects or per- 
sons. This allows us to explain some, not immediately obvious, results of 
compositions by appealing to a vector of interpersonal relations between 
subjects i and j: 7 eo j, where a,b € {0,+,—-} mean neutral, e.g. “do 
not care”; positive, e.g. “like”; and negative, e.g. “dislike” or “disgust”, 
attitudes experienced by one person, 7 or 7, towards another, j or i. We 
define and characterize nine classes of affectons, state-transition tables of 
which are shown in Fig. 2.19. The signature of the vector may be deter- 
mined by many factors; the most commonly known include dependence, e.g. 
“powerless is more likely to attend to emotions of those who have power 
over them” [Hatfield et. al (1992)]. There are also instances of counter 
mimicry [Lanzetta and Englis (1989)], which could be linked to emphatic 
solidarity [Heise (1998)] in competing groups. 

Let us discuss state-transition tables of affectons from different classes. 
Entries of the forms {s1, 52} and {s1,82,s3} at the intersection of the row 
x and the column y mean that if an automaton takes the state x at time 
step t and its input state is y then the automaton takes one of the states 
81, 82 OF $1, 82,3 with the same probability 3 or 3. A detailed treatment 
of the various classes of affectons is provided below. 


HAC affecton 
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The automaton HAC represents somewhat a “positive” kind of emotional 
interaction. Thus, when a happy subject meets an angry one they both 
become confused by the fact that their emotional states are in unlike phases, 
f(¢,a) = f(a,¢) = «. The confusion is excited by happiness and anger, 
f(k,¢)=C and f(k,a) =a. 


HAC, affecton 





In certain moments of real life a confused subject may become angry when 
he meets a happy subject while the happy subject remains happy. For exam- 
ple, see the quotation for reaction 11, Sec. 2.5. The composition f(k,¢) =a 
and f(¢,«) = ¢ could be also determined by the negative vector of interper- 
sonal relations 1 <> j. This may explain why f(a,«) = ¢ and f(«k,a) =a 
— when an angry subject meets a confused subject the angry subject be- 
comes happy, because he does not like the confused one; and, the confused 
subject becomes angry, because he is embarrassed by the situation and does 
not fancy the angry subject, see for example 


“ 


. a client may feel angry and aggressive ... about some event ..., but 
then feel anxious ... about having been angry and aggressive ...” [Chad- 
wick et. al (1996)]. 


HAC, affecton 





Let us consider now a non-standard self-interaction of happiness and anger; 
they are based on interpersonal relation vectors with negative components. 
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If one of the subjects does not like another and two happy subjects meet, 
then one of them is infuriated while the other remains happy: f(¢,¢) = a 
and f(¢,¢) = ¢, see for example reaction 4 in Sec. 2.5. By analogy, when 
both subjects are angry, the first subject does not change his anger while 
the second one becomes confused, f(a,a) = a and f(a,a) =k. 


HAC 3 affecton 





In the model HAC3 we assume that a happy subject makes the confused 
one angry. However, the angry subject is confused in the interaction with 
the confused subject. As to the interaction of anger and happiness, one can 
exploit various configurations of the interpersonal relations vector. If the 
vector is two-way positive, i as j, both subjects become confused. The 
two-way negative vector 1 <> j makes the emotions “freeze”: the happy 
subject is still happy to see the angry subject angry, and the angry subject 
is angry because the happy subject is happy. Following [Planalp (1999)], 
we could explain this by a feeling of “schadenfreude”, expressing the situ- 
ation when one takes “pleasure in another’s misfortune” (Planalp (1999)]. 
Adopting the vectors 7 3 j and i = j, we can produce the states of 
happiness, anger and confusion as a result of emotional interactions. 


HAN affecton 





Let anxiety interact with happiness and anger. Amongst a dozen realis- 
tic scenarios we have chosen the one that gives a non-trivial dynamic to the 
model HAN. A happy subject becomes angry when it encounters an angry 
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one. An anxious person also takes the state of anger when he meets an 
angry person. The angry one does not change its state. Anger and anxiety 
are produced in the reaction between anxiety and anger. Why? Firstly, 
the happy subject does not like to see signs of anxiety and thus becomes 
agitated; the anxious subject remains anxious. Secondly, we can assume 
that the anxious subject becomes embarrassed and then angry when he sees 
the happy subject; at the same time the happy subject becomes anxious 
because he made someone else feel awkward. The composition f(a,a) = a 
and f(a,a@) = € may be determined by the interpersonal relation vector 
aan j: when two angry persons interact one becomes anxious while the 
other remains angry. 


HACS affecton 





The model HACS employs four emotional states —— in addition to the 
usual happiness, anger and confusion a sadness is added. The following 
scheme of interaction is adopted. When a happy person meets a sad one 
the happy one becomes confused, e.g. he could feel guilty for being happy 
when others are confused, and the sad one becomes angry, e.g. he is upset 
that somebody is happy when he himself is sad. For an example, see the 
reaction 3 in Sec. 2.5. Both happy and angry persons become confused 
when they meet one another. When sadness interacts with confusion the 
sadness is transformed to anger but the confusion remains unchanged. The 
sadness composed with sadness may also produce sadness, for example 


“.. she felt herself strongly infected with the sadness which seemed to 


magnify her own ...” [Dumas (1998b)]. 
And yet another example of the composition o = f(a,¢) is: 


“And so with a new sorrow I sorrowed for my sorrow and was wasted 
with a twofold sadness ...” {Saint Augustine (2002)]. 
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HACS, affecton 





Sometimes happy and sad persons become confused when they en- 
counter one another. This may occur because the happy person is ashamed 
of his happiness when his counterpart is sad and the sad person is confused 
because he may be embarrassed to be sad, see for example the reaction 5 in 
Sec. 2.5. This model conforms to a two-way positive vector of interpersonal 
relations. So, one can demonstrate that when a happy person meets an an- 
gry one the happy one is saddened by the anger of another subject and the 
angry person becomes confused because he expressed anger in an inappro- 
priate situation. The confused person becomes happy when he encounters 
happiness. When the sad person interacts with the angry one they both 
become confused. The confusion itself is easily infected by anger. 


HACS8. affecton 





The HACS2 model is similar to the one previously discussed in all but 
the interaction of happiness with anger, confusion with happiness, and sad- 
ness with happiness. The happy person makes the confused one angry, 
independently of their interpersonal relationships. The confused person 
makes the angry one confused, e.g. when 7 ra j. Interaction of happiness 
with anger is adopted from the model HAC3 with the only difference that 
composition of the emotional states is asymmetric. 
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HACS3 affecton 





Let, as in the model HACS,, a confused person become angry when he 
interacts with an angry person; and, he become happy when he encoun- 
ters happiness. However, in the model J(ACS3 sadness is not changed in 
the interaction with happiness or anger. Interaction with the sad person 
confuses both happy and angry subjects, see e.g. Sec. 2.2. Both confusion 
and sadness are generated in the interaction of anger with sadness, see for 
example the reaction 10 in Sec. 2.5. 


2.7.1 Affectons in random environment 


We define a random environment as an infinite string Q of elements from 
E; any element of E occurs in Q with the probability 1/|E|. Each moment 
of discrete time an affecton gets a symbol w’ from 2. The automaton 
updates its state depending on its current state and the state of its input 
as stt1 = f(st,w*). The automaton’s behavior in the random environment 
is characterized by a distribution 7 of probabilities for the automaton to 
be in the state a. 

The distribution a can be derived from stochastic matrices of state 
transitions (Fig. 2.19). An entry ma, of the stochastic matrix M (the matrix 
is stochastic because mp > 0 for any a and b from E and }> map = 1 for 
any a € E) gives a probability for an affecton (which works in the random 
environment (2) to update its state s° = a to state s' = b, t > 0. Every class 
€ of affectons can be determined by a finite-automaton’s state set E and 
matrix Me. Space and time of the process are discrete and its transition- 
probability matrix is constant (time independent); therefore, the studied 
process is a stationary (homogeneous) Markov chain. There are only two 
proper closed sub-sets in the chains, specific for affecton classes. They are 
{a,€} in the class JAN; and {¢,a,«} in the classes HACS and HACS2. 
So far, the only chains determined by the classes HAC, HAC,, HACs, 
HAC3, HACS, and HACSs3 are irreducible; their states are recurrent and 
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Fig. 2.19 Stochastic matrices of affecton state transitions. 


the processes so far are ergodic. 

A stationary probability distribution 6 (calculated from the Chapman- 
Kolmogorov equation) for affectons acting in a random environment 2 spec- 
ifies, by elements 6(a) of the distribution 6, a probability for an affecton 
to be in state a if the affecton evolves in the environment {2 and its ini- 
tial states, in every trial of development, is chosen with probability |E|~!. 
Tables De representing the distribution 6, for each class €, are shown in 
Fig. 2.20. 
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Fig. 2.20 Tables of stationary probability distribution 6 for classes of emotional au- 
tomata. 


An automaton of the class HHAC takes all three states —- happiness, 
anger and confusion — with the same probability, so no emotional trends 
in the affecton’s behavior are observed (Fig. 2.20a). 

Only anger @ and confusion « have non-zero entries in the distribution 
6 in all affecton classes. They are the only states with positive entries of 
the distribution matrices in the classes HACS, where d(a) = d(k), and 
HACS82, where 6(«) > d(a) (Fig. 2.20f and h). All three emotional states 
have positive probabilities in 6, 


5(¢) > (a) > d(«) 
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in the class HAC), and 
6(K) > 6(a) > 6(¢) 


in the classes HAC, and HAC; (Fig. 2.20c and d). 

An affecton of the class HAN can be found only in the state of anxiety 
€ (with the probability 3) or in the state of anger a (with the probability 
2) (Fig. 2.20e). 

In the classes HACS, and HACS83 automaton states may be ordered 
according to their stationary distribution probabilities as follows (Fig. 2.20g 
and i): 


6(«) > 6(€) = 6(a) > d(c) 
in the class HACS, and 
6(«) = 6(7) > 6(¢) = 6(a) 


in the class (HHACSs3). 


2.7.2 Reflecting singletons 


Usually a subject can recognize his own emotional state and, quite possibly, 
change his emotion as the result of his reflections. Let us look what would 
happen — how do emotions develop in such a situation? — if an emotional 
subject is left alone, deprived of any external emotional influences: y* = s* 
and thus s‘t! = f(s', s*). 

All states in classes HAC, HAC3, HACS, HACS; and HACS3 are idem- 
potents. Therefore, singletons do not change their initial states. In the class 
HAC, only states ¢ and a are idempotents. So, if an affecton starts its de- 
velopment in the state of confusion & it takes the state either of happiness ¢ 
or anger a, with the same probability $3 the affecton remains in the chosen 
state forever. 

The class HAC, has the only idempotent — the state of confusion x. 
In the class AC, an affecton, starting its evolution in the state ¢ or a, 
takes the state ¢ or a at time step t with the probability 1/(2°); in a long 
run the affecton takes the stable state k. 

The affecton from class HAN keeps its original states a and €; if it 
started its evolution in the state a the automaton retains this state with 
the probability 1/(2*). 

A state of sadness o is idempotent in all models: 
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“... Softer expressions followed this, and then again recurred the tender 
sadness which had sat upon him during his drive along the highway that 
afternoon ...” [Hardy (1994)]. 


2.7.3 Coupled affectons 


In previous sections we studied the behavior of affectons in a random envi- 
ronment and affectons reflecting on their own emotions. How do affectons 
interact with each other? To keep it simple, we consider only couples of 
affectons. We “hard wire” two automata, one to the other, y', = s‘, and 
yy = 84, as follows: s‘jt! = f(st,,s%) and sif! = f(st,, st,). The system is 
autonomous and there are no external inputs to coupled affectons. Thus, 
one can construct a phase space — a graph of global state transitions — 
that essentially characterizes any class of coupled affectons. For any partic- 
ular class, a global state transition space is represented by a graph, nodes of 
which are elements of the set E*, and an arc connecting two nodes (s',, s4;) 
and (s‘j1, st+1) symbolizes the transition (s',, s4) — (stt1, st). 

Global transitions of affecton couples, discussed here, are space invari- 
ant, so we can consider a generalized version of a transition graph. Namely, 
we represent configurations ab and ba by one node ab, a,b € E. We dis- 
cuss dynamics of deterministic and stochastic affectons, and unreachable 
configurations and longest paths of non-repeated nodes in global transition 


graphs. 


2.7.3.1 Deterministic dynamic 


The automata of classes HAC, HACS, HACS, and HACS3 are determinis- 
tic, so each node of their global transition graphs (Fig. 2.21) has an output 
degree of at most one. The input degree is bounded by a number of nodes 
in a graph. Therefore, couples of automata may finish their evolution only 
in a fixed point — a stationary configuration, or an attractor — a cyclic 
sequence of the global states. Deterministic graphs of global transitions of 
affecton couples are shown in Fig. 2.21. 

The structure of a global transition graph of HAC is as follows. Duples 
of happiness and confusion ¢« evolve to happiness ¢¢, happiness and anger 
Ca finish their evolution in a state of shared confusion Kx; a couple of angry 
and happy states a¢ develops to an entirely angry duple aa (Fig. 2.21a). 

A graph of couples from the class HHACS has four isolated nodes, which 
are stationary configurations. Three of them include couples of same-state 
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Fig. 2.21 Graphs of global transitions of affecton couples of classes HAC (a), HACS 
(b), FACS; (c) and HACS3 (d). 


affectons — ¢¢, aa and gg — happy, angry and sad (Fig. 2.21b) and the 
fourth consists of anger and confusion ax. A couple of sad and angry 
affectons oa takes a stationary state of shared confusion KK, while couples 
of happy and confused ¢«, or happy and sad Co, or sad and confused ox 
automata evolve to a stationary state, where one affecton is confused and 
the other is angry Ka (Fig. 2.21b). 

In classes HHACS, and HACS3, configurations of two happy automata 
¢¢, two confused automata Kx, two angry automata aa and configurations 
of confused and sad automata are attracting fixed points in the evolution 
(Fig. 2.21c and d); they attract almost all other states of affecton couples. 
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There are a few isolated nodes in the graphs of HACS, and HACS3: couples 
of two sad automata oo and two confused automata Kx; the latter is present 
only in the class HACS3 (Fig. 2.21c and d). A pair of happy and confused 
automata CK evolves to a stationary happiness ¢¢, and a pair of angry and 
confused automata ax — to a stationary anger aa. If one of the affectons 
is sad and another is either angry or happy, the pair from the class HACS, 
takes a stationary state of total confusion «« (Fig. 2.21c) or a combination 
of sadness and confusion ox in the model HACS3 (Fig. 2.21d). 


2.7.3.2 Probabilistic dynamic 


Binary compositions defined by tables of automaton state transitions in the 
models HAC, and HAC3 are symmetric; so are global transition graphs of 
affecton pairs (Fig. 2.22). 

Totally happy and totally angry couples —- ¢¢ and aa — are absorbing 
global states in the model HAC, (Fig. 2.22a). Starting its evolution in any 
global state, an affecton couple eventually falls in a state of either total 
happiness or total anger; a transition to one of these global states occurs 
with the same probability 3. Obviously, initially angry or happy couples 
do not change their states. There is yet another absorbing state — shared 
confusion KK — in the model HAC, (Fig. 2.22c). Automaton couples of 
the class HAC, spend a significant part of their time in the states a€ and 
ak, but ultimately finish their evolution in the state of total confusion KK 
(Fig. 2.22b). 

A happy couple remains happy in the class HAN. All other emotional 
configurations finish evolution in a sub-set of the configurations “angry— 
angry”, “angry—anxious” and “anxious—-angry”. A couple switches between 
these global configurations at random (Fig. 2.22d). 

Automaton couples from the class HACS2 behave straightforwardly: 
they remain in their initial states of shared happiness ¢¢, anger aa, sadness 
oo or confusion and sadness «ko. All other initial states are absorbed by 
the state of total confusion KK (Fig. 2.22e). 


2.7.3.3. Unreachable emotional states 


A configuration c of an automaton collective is called unreachable if there 
is no configuration that is transformed to the configuration c by applying 
automaton state transition rules to entities of the collective. Unreachable 
configurations never appear in the evolution of an autonomous system — 
they can be only artificially introduced in the system. Let U(C) be a set of 
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Fig. 2.22 Graphs of global state transitions of affecton couples of classes HAC; (a), 
FHAC2 (b), HAC (c), HAN (d) and HACS: (e). 


unreachable configurations of affecton couples of the class €. Then affecton 
classes are characterized by the following sets of unreachable configurations: 
U(HAE3) > 0, 

U(HAN) = {Ca}, 

U(HAC2) = {Cn}, 

U(HAC) = {CK, ak}, 

U(HACS2) = {Co,ac}, 
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U(HAC) = {Ca,Ck, an}, 

U(HACS) = {Ca, CK, Co, Ko}, 

U(HACS1) = {Ca, CK, Co, aK, ac}, 

U(HACS3) = {Ca, 6K, Co, ak, ac}. 

The class J(AC3 has no unreachable configurations. The classes HACS, and 
HACS3 have a maximal, amongst all studied classes, number of unreachable 
configurations: three of the configurations include happiness ¢ as one of 
their states and two others comprise anger a@ and either confusion « or 
sadness o. 


2.7.3.4 Longest transitions 


Typically, the longer a system’s transition from an initial state to a sta- 
tionary configuration, or an attracting cycle, the richer the behavior of the 
system. To assess this type of richness of an affecton class one should cal- 
culate a longest path of non-repeated nodes in a global transition graph of 
affecton couples. Generally, the more unreachable configurations there are 
in a class, the less probably affecton couples of the class would exhibit a rich 
behavior in their evolution (see e.g. [Wuensche and Lesser (1992)]). HACS2 
could be considered as a behaviorally richest class because a global transi- 
tion graph of its affecton couples has a maximum path of four non-repeated 
nodes length; two “less rich” classes HAC, and HAC, have longest paths 
of three nodes. 


2.8 Wicked feelings 


In the chapter we studied several toy models of collective non-linear dynam- 
ics of emotions in massive pools of simple entities. Emotions were simulated 
as abstract molecules in well-stirred and thin-layer affective solutions — ab- 
stractions of human crowds, where there are 


“.,, too many people in too little space ...” [Kruse (1986)]. 


In the models of affective solutions carriers of emotions never acted, 
they only changed their emotions as a result of observing emotions of other 
carriers. Emotions are considered as abstract entities without any connec- 
tion to goals, desires and achievements. On one side, this makes our models 
less realistic and thus may avert practitioners; on the other side, this allows 
for detailed studies of affective dynamics, without unnecessary troubling 
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with unimportant details. 

In computational experiments with continuous and discrete models we 
uncovered a wide range of behavioral modes of affective solutions and vari- 
eties of reactions to local perturbations of affective reagent concentrations. 
We shown that even very simple reaction schemes involving few emotions 
may lead to rich space-time dynamics of affective solutions. We employed 
an affective chemistry paradigm in a simulation of emotional abuse and 
showed that this theoretical framework allows for a quite unconventional 
but fruitful representation of reality. Our models may be seen as non-linear 
system analogs of emphatic consciousness that arises due to emotional syn- 
chronization and resonance [Heise (1998)]; however, the emotional reso- 
nance observed in the chapter is purely “mechanical” — not determined 
by symbolic interaction and collateral action of emotion carriers. In cer- 
tain cases various modes of space-time and integral dynamics of affective 
mixtures, uncovered in the chapter, meet most dynamical criteria of psy- 
chopathology [Mullen (1997)]: 


© poverty of emotional response, particularly flattering, when the subject 

is aware of potential meaning but unable to experience corresponding 

emotion 

anhedonia, inability to experience pleasure 

incongruity, inappropriate emotional response 

rigidity of emotional responses 

lability, “sudden short-lived but often intense changes in feeling may 

occur in response to minor events” 

apathy 

e ambivalence, co-existing of contradictory emotions, “ambivalence refers 
to the relatively mundane experience of having a mixture of apparently 
contradictory emotions about someone or something that tend to al- 
ternate rapidly” 

e alexithymia, “virtual inability to recognize or verbalize emotional ex- 
periences” [Mullen (1997)]. 


Experimenting with cellular non-linear networks and cellular automata, 
we demonstrated that for some reaction schemes a thin layer of affec- 
tive liquid exhibits traveling waves, typical for excitable chemical me- 
dia. We know that wave-front velocity in a thin-layer chemical medium 
is around 1-2 mm/sec. What is the wave speed in affective solutions? 
Wild et al. [Wild et. al (2001)| have shown that presentation of pic- 
torial emotional expressions during 500-1000 msec evokes a similar (to 
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presented emotions) emotional response in human respondents. Assum- 
ing that the size of human comfortable personal space is around 0.5- 
1 m, we get a speed of affective wave fronts equal to 1-2 m/sec. The 
value is significantly less than the velocity of excitation waves in real hu- 
man masses, since for example those recorded at a stadium can reach 
6-12 m/sec, equivalent to about 22 persons/sec [Farkas et. al (2002); 
Farkas et. al (2003)]. This is possibly because excitation in football crowds 
does not actually involve recognition of emotions but just reactions to ac- 
tions (shouting, jumping up) of nearest neighbors. 

We aimed rather to ignite an interest in non-linear dynamics of emo- 
tions in spatially extended systems by showing scoping experiments with 
affective systems. We took emotions out of their “natural” habitat of 
circumstances, intentions, actions, interpersonal relations, achievements 
and social norms. We envisage that further studies will enrich the 
computational models with real-life traits. Emotions determine a so- 
cial structure of a collective, synchronize social dynamic and lead to for- 
mation of coherent actions [Heise and O’Brien (1993); Planalp (1999)}. 
Therefore, in future, it would be reasonable to couple affective solutions 
with effective solutions, and to develop novel reaction schemes compris- 
ing interactions between affective and effective reagents. This formal- 
ism would properly reflect functional roles of emotions in action gener- 
ations, namely quasi-chemical reactions may interpret emotions as ac- 
tion goals, tendencies and generators of goal-desires [Reisenzein (1996); 
Reisenzein (1998)]. 

Moreover, the chapter contributes to the development of a formal the- 
ory of emotional interactions and collective emotions, a theory of affective 
computing, simulation of artificial collectives and societies and design of 
emotional controllers for robots. Further formal development could con- 
centrate around the following three points. First, a real-life verification of 
basic types of emotional interactions is necessary. For example, transfor- 
mations anger — {disgust, fear}, fear — disgust and sadness — sadness 
are experimentally observed [Wild et. al (2001)]; however, they were not 
included in our models. Wild-Erb-Bartels experiments [Wild et. al (2001)] 
uncovered the following scattering of affective states: 


e a happy face evokes happiness (with probability 3) surprise (3); sad- 
ness (;), anger (+), disgust (;4) and fear (3), 

e asad faces evokes sadness (with probability 4), surprise (4), anger (4), 
fear (7), happiness (35) and disgust (+4). 
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Our models of reaction kinetics and diffusion in affective media did not in- 
corporate different diffusion coefficients of different emotions; this could be 
studied in the future and we expect interesting findings there. It was exper- 
imentally shown that happy faces are recognized faster than sad faces but 
slower than angry faces [Leppanen et. al (2003)|, so the diffusion coefficients 
D could be ordered as 


Danger > Dhappiness > Deadness- 


Second, the concept of affectons could be evolved to a full-scale model 
of computation coupled with emotions. This may take a form similar to a 
cogitoid — a computational model of cognition —- where knowledge is seen 
as a lattice of concepts and associations between the concepts [Wiedermann 
(1998a); Wiedermann (1998b)]. 

Third, affectons will play an important role in representing a human 
mind as a collective of simple interacting entities, like Minsky’s society 
of mind [Minsky (1988)] and Dennet’s space-time configurations of agent 
collectives (Dennet (1991)]. 

Why are affective reactions not less important than doxastic reactions 
in crowds? Three symptoms, seen as having just a historical value by some 
modern scholars, are highlighted by Moscovici [Moscovici (1985)|: increase 
of emotional reactions, decrease in intellectual reactions and decrease in 
irrationalization and irresponsibility. So, emotions are not simply indis- 
pensable in cognition, collective knowledge and development of social struc- 
ture (see e.g. [Barbalet (2000)]) —- emotions govern cognition. This may 
indicate yet another route of further studies: to couple affective dynam- 
ics [Adamatzky (2002c); Adamatzky (2002b)] with dynamics of knowledge 
dynamics [Adamatzky (2001d); Adamatzky (2002c); Adamatzky (2004); 
Adamatzky (2002b)]. 

It is a widely accepted fact that 


consequence of emotional contagion is attentional, emotional and 
behavioral synchrony ... [Hatfield et. al (1992)]. 


Yes, this could happen in some situation; however, most frequently, as 
we have shown in the chapter, contagion leads to formation of a complicated 
heterogeneous emotional structure, emergence of domains of alike emotions, 
spreading and interaction of affective waves: 
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“... while the behavior caused by emotional states can be irrational, the 
emotional process itself is largely explicable in rational, scientific terms” 
[Kaufman (1999)]. 


Chapter 3 


Doxastic Dynamics 
at the Edge of Irrationality 


Since the late 1980s —- when ideas of evolving belief [Kraus and Lehmann 
(1988)] emerged in a context of discourse — it became appropriate to 
consider belief as a dynamical entity, which is not ideal but incomplete, 
changing as a result of observations (see [Friedman and Halperd (1996)]). 
Believers are now seen as not omnidoxastic, they are slaves of their fluctu- 
ating mental states, means of communication and levels of reasoning. If, for 
example, a current observation of a phenomenon contradicts or just does 
not fit the previous observations (and thus previous beliefs) of a believer, 
then either the old belief was wrong or the world has changed. In the first 
case, the believer revises his belief; in the second, he updates his belief; or, 
just does it both ways [Friedman and Halperd (1996)]. Sometimes [Yager 
et. al (1992)] interaction between observation and belief, as a degree of 
compatibility of the belief to the observation, is incorporated into the be- 
lief models; alternatively, belief is ascribed to an agent’s imagination in a 
context of previous experiences [Paris and Vencovska (1993)]. A model of 
fallible belief [O'Hara et. al (1995)], based on non-normal logics, looks like 
a most attractive alternative to conventional paradigms. 

Two cardinal models of belief, without logical omniscience, were offered 
in the middle of the 1980s by Levesque [Levesque (1984)] and by Fagin and 
Halpern [Fagin and Halpern (1988)]. Dynamics of belief is also considered 
in Hadley’s computational model [Hadley (1988)], where agents revise their 
beliefs without any constraints on the agents’ representation language. Or 
else, one can manipulate sets of assumptions, to revise agents’ beliefs, as 
manifested in [Martin and Shapiro (1988)]. Dubois and Prade [Dubois and 
Prade (1992)] offer a family of belief functions relevant to incomplete knowl- 
edge to analyze beliefs in a statistical framework. Gaspar’s model [Gaspar 
(1991)] is even more close to reality: agents are imperfect reasoners, they 
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base their judgements on incomplete and, possibly incorrect, knowledge; 
the agents revise their beliefs depending on information obtained from other 
agents. Ideas from [Gaspar (1991)] contributed to our models of collective 
beliefs, which will be discussed further. 

Usually, there are several levels of reasoning [Minsky (1988)]: agents can 
reason about beliefs of other agents and remain syntactically neutral when 
they express other agents’ beliefs. Thus, Hadley [Hadley (1991b)] employs 
the concepts of knowledge, where a notion of truth incorporates cognitive 
concepts. The operators of belief revision and updating can be identified 
syntactically [Del Val (1993)]. Actually, even the beliefs of agents in the 
collectives can be represented by logical theories [Giunchiglia et. al (1993)] 
and then reasoning about agents’ beliefs may be crystallized in another 
logical theory; a classification of the main forms of non-logical omniscience is 
an advantage of such an approach. The intelligent interaction in collectives 
also requires an agent to recognize other agents’ mental states, including 
beliefs and intentions [Tambe et. al (1998)]. 

A theory of collective belief suffers from poor representation of vari- 
eties of doxastic states: usually only belief and knowledge are employed in 
theoretical and computational studies, while the richness of delusion, mis- 
belief, doubt and ignorance is often ignored. Behaviors of quasi-realistic 
agents are often determined by a cluster of mental states, including emo- 
tions, intentions, dreams, desires, beliefs and imaginations. The mental 
states interweave one with another. Therefore, when agents interact and 
update their mental states depending on their own previous mental states 
and the states of other agents, the result of one particular state’s update is 
influenced by spatio-temporal dynamics of other mental states. Very often 
mental states develop irrationally, if not pathologically. This is particularly 
evident in crowd conditions, where deindividuation (Zimbardo (1969)| of 
persons comprising the crowd results in emotional, impulsive and irrational 
behavior, with perceptual distortions, hyper-responsiveness to neighboring 
agents, and self-catalytic dynamics. “Distortion of traditional forms and 
structures” [Zimbardo (1969)] in crowds contorts architectonics of belief up- 
date functions, thus making it impossible to apply common-sense reasoning 
and conventional inferences. 


“The crowd-mind consists ... of a disturbance of the function of real. 
The crowd is the creature of belief’ [Martin (1920)]. 


The models of such non-sensible developments are studied in the present 
chapter. 
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3.1 On doxastic states and their binary compositions 


Let A be a finite set of agents and P be a set of propositions. For an agent 
i from A and a proposition p, @;p means that the agent 7 believes p. Agents 
can be either mobile or static. If the agents are mobile we model them as 
a stirred agent-chemicals reactor. If agents are static we order them in a 
chain and consider them as non-stirred, or thin-layer reactors. An agent 
can sense other agents being in its local — temporary (in stirred reactors) 
or constant (in chains) — vicinity. A proposition p may be true or false 
referring to the local agent neighborhood. We write A,p when p is true 
in the neighborhood of i. We take belief as a primary cognitive state, or 
an atom of cognition. The following “compound” states are derived from 
belief: 


(1) Knowledge, x, is the justified belief: kip — Bip A Ap, 


(2) Doubt, 6, is the so familiar feeling of uncertainty, an agent doubts p 
when he neither believes nor disbelieves p: 6;p — =6;p A >G;7p, 


(3) Misbelief, 1, is a wrong belief, or a false opinion, referring to the local 
vicinity: usp — Bip A Amp, 


(4) Delusion, e€, is an erroneous belief, which is usually defined as the fixed 
belief that cannot be justified: esp + Bip A -AGp A A;7p. Delusion 
is generally considered a belief that does not correspond to “the way 
things are” [Snyder (1991)]. See also the logical definition of delusion 
in [Gerasimova (1989)]. In some cases we can also consider delusions as 
conclusions from arguments whose validity could not be determined 
[Franceschi (2003)]. Sometimes delusions are means for overcoming 
social exclusion, a kind of “exploitative mimicry” [Hagen (1995)]. 





(5) Ignorance: up > 7ABijp A AB;ap A7Ayp A>A;7p, agent i is in the state 
of ignorance when it neither believes nor disbelieves p and there is 
no information about p in the local vicinity of 1; some formalization 
related to ignorance is presented in [Kraus and Perlis (1989)]. 


Let the only proposition p be on the horizon of agents of A; then we can 
say that agent 7 takes a doxastic state ¥, 0 € D = {k, 6, p, €, }, if one of the 
conditions 1-5 occurs. In this model an epistemic set is a singleton, because 
this set cannot be expanded or retracted, no old beliefs can be given up 
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and no new belief can be taken on board (those interested in more widely 
acceptable theories of belief revision are referred to the excellent book by 
Gardenfors [Gardenfors (1990)]). 

The complete state of an agent i can be represented by the tuple (s;, v;) 
of its belief in p and the truth state of proposition p in the agent’s vicinity, 
where 


0 if B; 7p, 
s= 41 if Bp Birp, 


Similarly, we can determine v; and \;. The correspondence between tuples 
of {0,1,2} x {0,1,2} and doxastic states is pretty straightforward. Here- 
inafter, we mean elements of D when we talk about doxastic states of the 
agents. 

Let (s;,v;) and (s;,v,;) be states of agents i and j, and let the agents be 
neighbors. Then we suggest that agent i changes its state tuple depending 
on the first, i.e. doxastic, component of its state and both components of 
agent j’s state. So, agent i updates its state as follows: 


84 — 8,0 (8;,0;), 


where composition o is defined by the matrix 


(0,0) (0,1) (0,2) (1,0) (1,1) (1,2) (2,0) (2,1) (2,2) 
0 0 0 1 0 0 1 1 1 1 
1 0 0 1 1 1 1 1 2 2 
2 1 1 1 1 2 2 1 2 2 
(3.1) 


Agent i meets another agent 7 and 7 compares j’s belief and the truth 
state in j’s vicinity with its own, agent 7’s, belief, and then 7 modifies its 
belief as an outcome of this comparison. Meantime the second component, 
v;, remains unchanged. 


The composition (3.1) is pathological, or irrational, in a sense that 2 
is much more concerned with the state of j’s local world than with the 
state of its own vicinity. 


This composition well reflects loss of rationality in crowd dynamics: 
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“Each individual on his own behaves rationally and yet when he joins 
up with others he ceases to do so and his behavior becomes unpre- 
dictable” [Moscovici (1985)]. 


An epiphenomenon of the composition may be seen in 


“ 


outbursts of crowds as outbursts of madness fomented by blind 
delusions and showing obvious signs of delirium, hallucination, and a 
total loss of self-control ...” [Moscovici (1985)]. 


With the help of composition o we derive the following mappings: 
{0, 1,2} x {0,1,2} > {0,1,2} 
and 
©: DxD-—-G. 


Set G is a proper sub-set of a Boolean B(D) of set D. 
The matrix form of © is shown below: 


K € be 6 t 


{s,5} {6,6} {5} {Kd} {rn} 
{ee} fee} fe} fee} fe} 
{H,5} {Hd} {5,0} {ud} {u} |. (3.2) 
{uk} {uw} {5} {5} {5} 
fe} fe} {ek Cu fe} 
A realistic explanation of the composition © could be in affective influ- 


ence of agents’ doxastic development as exemplified by the two following 
quotations: 


-~“ mE mR 


“Emotions influence beliefs. ... People’s emotions ... determine what 
they think, and what they think is true ... A belief may persist in the 
face of evidence that contradicts it. The belief renders that evidence 
powerless. It is ignored or dismissed; arguing appears useless. Further- 
more, a person holding a belief may accept information as credible that 
would appear doubtful to other people ...” [Frijda and Mesquita (2000)]. 


and 


“When it comes to the issue of emotional importance, convincing some- 
one to change his or her existing beliefs to be a virtually hopeless un- 
dertaking” [Frijda et. al (2000)]. 
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The composition © represents a belief update far from mental equilib- 
rium: 


6c 


. every action of the mind which operates with calmness and tran- 
quillity is regarded as reason ...” [Barbalet (2000)]. 


The crowding phenomenon lies beneath this — individual minds become 
more irrational when density of the mass of individuals increases [Kruse 
(1986)]. 

The matrix of © is derived from the matrix of o and the mapping 


{0, 1,2} x {0,1,2} - {k,€, py, 6, of. 


This is because every duplex of elements of the set {0,1,2} can be put into 
correspondence to one, uniquely determined, doxastic element from the set 
D = {k,€, pu, 6, e}. 


L 


~ 


6———— 
YY 


Fig. 3.1 T relation; the links z T x are not shown. 





From the matrix form (3.1) of o we see that any set from G has at least 
one and at most two elements. What doxastic states of D are generated 
in pairs in ©? Let states s,; and sg be in a relation T if there are two 
such elements z, and 2 of D so that z; © z2 = {81,82}. Relation T is 
symmetrical; its graph representation is shown in Fig. 3.1. The graphical 
form makes it clear that knowledge, doubt and misbelief can be generated 
in pairs. 


Doubt can be born as a pair with ignorance but ignorance is necessarily 
accompanied by delusion. 


This reduces differences between non-bizarre (they could be true) and 
systematized (they may form a coherent logical system and even integrate 
recent events) types of delusion [Hagen (1995). 
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Ignorance and delusion cannot be born together with misbelief and 
knowledge. 


We call the mapping © deterministic if a singleton is produced. Thus, 
for example, k © u = {6} is deterministic. In this case we can write simply 
K@p = 6. We apply algebraic terminology to the deterministic components 
of the mapping ©. 

Now we can use the mapping © to define the basic rule for the updating 
agent’s states. Let s; and s; be doxastic states of agents i and J, and let 
agents j and i be neighbors. Then agent i changes its doxastic state by 
the rule: s; := s;©s;. Hereinafter in the book we will deal with finite- 
automaton models of agents — doxatons. 


A doxaton is a finite automaton (S,1, y) where sets of states S and I of 
inputs are equal D; and, y:SxI-S. 


All entries of v’s column of the matrix (3.2) are different; therefore, if 
doxaton 7 meets doxaton j and doxaton j is in a state of ignorance, the 
doxaton 7 does not change its doxastic states. Ignorance is the only right 
identity; therefore the state of doxaton 7 may not be substituted by the 
state of doxaton 1 (see u’s row of the matrix (3.2)). 


Ignorance is a right identity for ©. 


There are no left identities and no zeros in ©: the doxatons do not 
simply accept doxastic states of their counterparts; however, they cannot 
keep their own states unchanged. 


Only doubt and ignorance are idempotents. 


This also follows from the matrix (3.2). 


({6,¢}, ©) is an associative and non-commutative algebra, every element 
of which is a right zero and a left identity. 


The set {6,¢} is stable under ©. Everything else follows from the matrix 
(3.2). 


Knowledge is the minimal generator. 
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The product of « with itself gives us the set {x,6}; 6 © « produces an 
additional element j; so, we have {, 6, 4} at this stage. The next iteration 
of the compositions adds z, as a product of yu with itself. The fifth element, 
€, is the product of s and «. In such a way the whole set D can be generated 
from «. Therefore, we can say that we need at least two doxatons, both in 
states of knowledge, to generate the entire spectrum of the doxastic states. 


3.2 Non-sense functors 


What happens if we ignore the second component — the truth state v; of 
doxaton 7’s vicinity — of an agent’s complete state 7? We may suggest a 
probabilistic interpretation of o. This new mapping x assigns the stochastic 
(all elements of a vector summed to 1) vector to every duplex of truth values. 
This is a vector of order three. The z’s entity of the vector is a probability 
of truth value z € Q = {0,1,2}. The mapping is as follows: 


*:QxQ—>Pc (0, 1]°, 
where P = {(p1, p2, P3)|P1,P2,p3 € [0,1] and >7._1937i = 1}, and p; is a 


probability of truth value i. The x is represented in the following matrix 
form: 


0 1 2 
0 (33550) (2, 3,0) (0, 1,0) 
2\(0,1,0) (0,3,2) (0,4,4) 


To derive exotic functors of truth values, we define a deterministic ver- 
sion of x by choosing only those entries of vectors of the matrix (3.3) which 
have maximal probabilities. Every vector has just one maximal probability, 
so we get a deterministic matrix: 


01 2 
0/0 01 
if 0. i. 2 (3.4) 
a ee ae) 


Let the matrix (3.4) represents functor *. 


(x, Q) is a commutative algebra with an identity. 
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As follows from the matrix (3.4) the 1, or non-sense, is a two-side iden- 
tity. 


Set {0,2} is a minimal generator of the algebra (*, Q). 


Elements 0 and 2 are idempotents and 0 + 2 = 1. 

What are the sensible relatives of functor *? We assume that agent 
i changes its state s; by the rule: s; := s;6s;, where @ is some specified 
functor and s; is a state of another agent in the vicinity of the agent i. 
Four functors are straightforwardly derived. The agents using the func- 
tors in their development to update their doxastic states are called naive, 
conservative, anxious or contradictory agents. 


e Naive agent. Naive agent i changes its state to non-sense if its state 
contradicts beliefs of its neighbor 7. If agent i takes a non-sense state, 
1, and agent j does not, then agent i takes the next state as s;. The 
functor *y is represented by the matrix 


0 12 
0/0 0 1 

Oe Bok. (3.5) 
2\1 2 2 


The functors * and *y are identical. This means that the functor of 
naivety is a “maximalist” version of the probabilistic functor «. 


e Conservative agent. A conservative agent preserves its doxastic states. 
The agent does not change its belief if its counterpart is in a non-sense 
state; neither does it change its non-sense state if its neighbor is in 
state 0 or 2. The agent 7 takes a non-sense state 1 only if its current 
state contradicts the state of its neighbor j, ie. s; =0 and s; = 2, or 
8; = 2 and s; =0. The functor *¢ is represented as follows: 


ee age 
0/0 01 
Lipa: We 2 (3.6) 
a\4 99 


e Anxious agent. An anxiety is usually seen as resulting from some 
emotional conflicts, the nature of which is unfamiliar to an agent. 
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A feeling of apprehension makes the agent willing to reconsider its 
beliefs. The agent can even change its state to the “opposite” one 
when its neighbor is in the non-sense state. The matrix of the functor 
*4 is shown below: 


19 
0:70: 2: 4 
iO 2 (3.7) 
g\ 1 00 2 


Contradicting agent. Agent 7 takes state 2 or 0 if its neighbor, agent 
j, is in state 0 or 2, respectively. If agent 7 is in state 1 it adopts the 
state of agent j7. The matrix of the contradicting functor *cy is as 


follows: 
01 2 
0/2 0 0 
1/2 1 Of. (3.8) 
2\2 2 0 


The results discussed below are derived from the structure of the matrices 
(3.5)-(3.8); we will use this to explain some features of the space-time 
dynamics of the agent collectives. Let Q be a set {0,1,2} of agent states; 
then 


(*4,Q) and (*c¢,Q) are non-commutative and non-associative algebras; 
every element of the algebras is idempotent. 


The loss of regularity is remarkable for such a distortion of rationality. 
Unfortunately, there are no two-side identities in these algebras: 


a non-sense state 1 is a right identity of algebra (*¢, Q) and it is a left 
identity of algebra (*c¢, Q). 


The common feature of algebras (*v,Q), (#c,Q) and (*4,Q) is that 
every element is idempotent. Both naive and conservative algebras have 
the same proper stable sets: {0,1} and {1,2}, respectively. There are no 
proper stable sets in the algebra of anxiety, i.e. the set Q itself is a minimal 
stable set. The situation with the generators is quite similar. Both (*c, Q) 
and (*yv,Q) have the same minimal generator {0,2}. There are no minimal 
generators in (*4,Q). The algebra (xc, Q) has no identities and no zeros; 
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it is also non-commutative and non-associative; however, this algebra has 
two minimal generators, {0,1} and {1,2}, and one idempotent, the state 1. 

The structure of sub-algebras is responsible for attributes of stationary 
configurations and homogeneous domains and thus determines outcomes of 
the spatio-temporal development of agent collectives. 


The algebra (*y,Q) has two proper sub-algebras: (*y,{0,1}) and 
(«y, {1,2}). They are Abelian groups. 


Commutativity and associativity of these sub-algebras follow from the 
composition table of *,. Each of the sub-algebras has a zero and an iden- 
tity. They are 0 and 1, and 2 and 1, respectively. 


Algebra (*c¢,Q) has two sub-algebras: (*y,{0,1}) and («y, {1,2}). 
They are commutative semi-groups. 


Moreover, every element of each semi-group is a right identity and a left 
zero. 


Algebra (cn, Q) is anticommutative. 


3.3 Reflective agents 


We call agent (and its finite automaton) i reflective if it updates its state 
depending only on its own state: s; := 3;$5;, i.e. it does not interact 
with its neighbors. Let ¢@ = ©; then a state-transition graph of a doxaton 


Fig. 3.2 A state-transition graph of a reflecting doxaton. Sometimes a product s; © s; 
is not a singleton. In this case the doxaton takes one, arbitrarily chosen, element of 


3; © s; as its next state. All possible transitions are shown by arcs. The initial states 
are framed. 


looks as shown in Fig. 3.2. Ignorance and doubt are idempotents of (©, Q). 
Therefore, a doxaton will be in its initial state forever if it starts develop- 
ment in z or 6. If doxaton i takes the € or « state initially, ¢ = 0, then it will 
keep this state at the tth step of its development with probability (2t)—! 
and will take state z or 6, respectively, with probability 1 — (2t)~!. 
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All elements of Q are idempotents for «y,*c¢ and *4. Therefore agents, 
which employ these functors to updates their states, fall into the fixed point 
of the development immediately after the start. Initial states of agents are 
their final states. A reflecting behavior of contradicting agents is a bit 
more interesting. While starting its development in state 0, a contradicting 
agent takes state 2 at the next step of the development; it takes state 0 on 
the subsequent step, and then state 2 again. The agent contradicts itself. 
A cycle 0 © 2 is one of two attractors in the development of a reflecting 
agent. The second attractor is the fixed point 1, because 1 is an idempotent 
of (*¢ N; Q). 

In the next two sections we assume that the agents do not reflect but 
interact with their temporary (stirred collectives) or constant (non-stirred 
collectives) neighbors. 


3.4 Stirred crowds 


In computational models of stirred crowds an agent chooses at random an- 
other agent to update its state. Also, we can think of agents as nodes of 
a complete graph, and allow an agent to accept a doxastic state of one, 
arbitrarily chosen agent, at every step of the development. A state update 
graph, derived from the complete graph, has therefore indegree one and 
uniformly randomly distributed outdegrees at every step of agent develop- 
ment. In this temporary digraph every node has exactly one incoming arc 
and an arbitrary number of outgoing arcs. 


Any stirred ©-world evolves towards ignorance and delusion. 


There is at least some evidence that this conforms to sociopsychological 
understanding: 


“... crowd’s natural delinquency is a delusion” [Moscovici (1985)}. 


The system may be represented by a Markov system with five states: 
K, €, #, 6 and 4, with the transition-probability matrix M = (75,5, )s,,s9€D- 
Matrix M is calculated directly from the matrix (3.2) of the composition 
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K 0. : 
e 0 05 0 O 0.65 

si| ue 0 O 06 03 0.1 (3:2) 

602 0 02 06 90 

L 


0 04 0 O 06 


We can therefore derive an even stronger proposition: 
crowds emerge due to ignorance, they act due to delusions, 
while formally we get 


set {€,1} is the closed class of doxastic states. 


K,€,p,6 AE KE 
© u 


() 5,¢ ; K,€,1,5 C) Ky€,0,0 ; ) 


H,€,5,6 ,d,¢ K,Ot,€ ft, 0,t K,€,6,¢ 
Fig. 3.3 State-transition diagram of doxaton. 


Multiplying P by itself several times, we get that, for every $1, Ps,s. > 
0 only if s2 € {e,v}, s; = 0, otherwise; this happens with a very high 
probability. Namely, after some (usually quite long) time interval of the 
development over 60% of doxatons take state « while other doxatons take 
state 1, assuming that initially a doxaton takes one of D states with the 
same probability 0.2. Set {e,1} does not contain closed sets; therefore it is 
minimal. Once a doxaton visits set {e,+} it remains in this set forever. It 
can be seen in the state-transition diagram (Fig. 3.3). 

What happens with agents governed by non-sense functors, when they 
are stirred and start their development in a random mixture of doxastic 
states? The limit distribution of *agents in truth, non-sense and falsity 
states, when agents are stirred, is ($, 3, 4); this follows from final distribu- 
tions of state-transition probabilities of a Markov chain built on a * functor. 
Again the non-sense dominates both the truth and the falsity. 
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Collectives of naive agents are sensitive to the initial conditions: pre- 
dicted final probabilities (3, 3, 3) are not observed in computer experiments 
and usually one of the states dominates all others. The conservative, anx- 
ious and contradicting collectives are more straightforward. The probabil- 
ities of the states obtained in computer experiments match the theoretically 
derived ones. They are (0, 1,0) for the conservative agents, (3, 4, 4) for the 
anxious agents and (5, 0, 3) for the contradicting agents. 





(c) (d) 


Fig. 3.4 State-transition graphs of naive agent (a), anxious agent (b), conservative agent 
(c) and contradicting agent (d). 


The topologies of agent state transition graphs (Fig. 3.4) characterize 
the limit behavior of stirred collectives of the agents. Thus, for example, 
node 1 in the state transition of a conservative agent has just a loop and 
no other out-coming arcs. Therefore, the non-sense state 1 is a final, ab- 
sorbing, state of the *c-agent (Fig. 3.4c). Conservative collectives finish 
their development in entire non-sense. The non-sense vanishes in the group 
of contradicting agents (Fig. 3.4d) because node 1 has the only incoming 
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arc from itself. The state-transition graph of an anxious agent (Fig. 3.4b) 
can be transformed into the fully connected indirected graph. This should 
indicate the uniform distribution of final probabilities. 


3.5 Non-stirred crowds 


In this section we deal with chains of agents where every agent has exactly 
one left and and one right neighbor. The chains may be either infinite or 
finite. A finite chain is a one-dimensional torus. Let agents have unique 
names from set I € N. The left and right neighbors of an agent i are named 
as i—1andi-+1, respectively. All agents update their states in a discrete 
time. The state of agent i at time step t is written as x’. An agent i updates 
its state depending on the states of its left, z'_,, and right, x$,,, neighbors, 
and its own state, z!, by the rule: zit! = f(zt_,,zt,2t,,). We can use 
only mapping ©, *, and functors *y, *a, *¢ and *cw in the construction 
of function f. They are not symmetrical; moreover, most of them are non- 
commutative. Therefore, an order in which an agent composes states z%, 
xi_, and 2t,, may influence the resultant state of the agent. This will 
produce an induced anisotropy of the space-time configurations of agent 
chains. Amongst all possibilities for quasi-parallelization of a sequential 
update function, we have chosen the most obvious one: 


its heise with probability 1/2, (3.10) 


i (xt¢at, ,)dx*_, with probability 1/2, 


where ¢ stands for some of the previously defined functors. We should 
remember that for some ¢, namely, in © and x cases, the result of the 
composition itself is defined probabilistically. 

The first thing we have to think about when we start to analyze space-— 
time development of homogeneous structures is a quiescent state. An agent 
state s is called a quiescent state if f(s,s,s) = s. The sufficient condition 
for the state s to be quiescent is for it to be an idempotent. Therefore, 
states 6 and u are quiescent states in chains of doxatons; all states of Q are 
quiescent in collectives of *,-, *4- and *c-agents; only state 1 is quiescent 
in the development of *- and xgy-agents. A global configuration of a 
collective where all agents are in the same quiescent state is a fixed point 
in the development of the collective. 
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Let all ¢-agents take the same state a at the beginning of development. 
Then for any t > 0 and any agent i, zi =a. 


But what does happen when several quiescent states are distributed in 
an initial configuration of the collective? A sub-set S of state set Q (or 
D) is called a ¢-quiescent sub-set if it is not a singleton and if any initial 
configuration of a ¢-agent collective, where agents take only elements of S, 
is a stationary configuration (fixed point in the development). Let K = Q 
or D; then 


The set S, S C K is a ¢-quiescent set if (¢,S) is an algebra and every 
element of S is a left zero. 


The stability of set S with respect to @ means that states not present in 
the initial configuration of a chain will not appear in the subsequent steps of 
the development. Tuple (¢,S) is an algebra if set S is stable. If an element 
a of S is a left zero then (adb)dc = (adc) db = a for any b,c € S. Therefore, 
(xi@ai_1)Ori4, = (zibxi,,)¢rt_, = x* for any values of x!, x!_, and xt, 
if they are elements of S and they are left zeros. That is, a configuration 
of agent states at any time step is identical to the initial configuration of 
agent states. The last conditions can be re-formulated as follows: we can 
put “right identity” in place of “left zero”. 


Sub-set {5,2} is a ©-quiescent set; sub-sets {0,1} and {1,2} are *c- 
quiescent sets. 


Neither naive nor anxious and contradicting collectives have ¢-quiescent 
sub-sets in their state sets. 

To fully understand outcomes of agent development in space and time 
we should eae eae S-stable states. A state a of a d-agent is a S-stable 
state if for any zi_,,24,, € S we have a{*? = f(a'_,,a',2¢,,) =2!. 


There are no Q-stable states of *y-, *4- or *cn-agents; neither are there 
D-stable states of doxatons. 


We know that state a is S-stable if a is a left zero for all elements of 
S. States «, € and p are {v}-stable states of doxatons; states 6 and k are 
{, 6, e}-stable states. 


State 1 is Q-stable in collectives of *c-agents. 


Dozastic Dynamics 83 


This leads to formation of stable islands of agent states in the devel- 
opment of conservative agents. There are no S-stable states, such that 
S # {a} for a S-stable state a, in collectives of anxious agents. The states 0 
and 2 are {0,1}- and {1,2}-stable, respectively, in collectives of naive and 
conservative agents; they are {1,2}- and {0,1}-stable in the collective of 
contradicting agents. 

What initial conditions should be chosen as a standard to analyze space- 
time development of crowds? We can kind of answer this question by 
restricting all possibilities to a couple of families of initial configurations: 


(1) H-configuration: initially, every agent takes one of its states with the 
same uniformly distributed probability g~!, where q is a number of 
states, i.e. it equals 1/5 for doxatons and 1/3 for all other automaton- 
agents; or, alternatively, all agents take the same state at the beginning 
of development, 

(2) Q-configuration: initially, one or two agents are in non-quiescent states; 
all other agents take the same quiescent state. 


Let us discuss outcomes of these initial conditions. 


3.5.1 Development of doxatons from H-configuration 


When a chain (with periodic boundaries) of doxatons starts its develop- 
ment in a random uniform initial configuration, stable islands of u-, 6- and 
t-states are formed (Fig. 3.5, uw, 6 and z). Between these islands we can find 
tree-like structures of doxatons in «-, e- and u-states (Fig. 3.5). Most trees 
become extinct and others grow. The final distribution of state probabili- 
ties (obtained in computer experiments) shows that states «, 6 and p are 
eliminated entirely and the ratio of €- to u-states tends to 2: 1. 

The behavior of a chain becomes richer when all doxatons start in the 
state « (Fig. 3.6). A small amount of sponge-like islands of €-, «-, p- and 
t-states are formed. Islands of one or more doxatons in t-states surrounded 
by an ocean of 6-states are recognizable (Fig. 3.6, »). However, the vast 
majority of doxatons take state 6 after a few steps of development (Fig. 3.6, 
t). A final distribution of state probabilities tends to (0; 0; 0; 0.8; 0.2), i.e. 
small islands of 2 in the ocean of 6. 

Only doxatons in e- and t-states can be found in chains soon after the col- 
lective starts its development in entirely state € (for any i: x? = e) (Fig. 3.7). 
The space-time configurations are chaotic and homogeneous. The e-state 
dominates. A final distribution of probabilities (0; 0.68; 0;0;0.32) corre- 
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Fig. 3.5 Example of space-time configuration of doxaton chain for initial H- 
configuration. Time goes up down. Doxaton indices go from the left to the right. To 
enable a black and white representation, the configuration is split into five configurations; 
only one state is marked in each configuration. Thus, for example, in the configuration 
of «-states only the positions of doxatons in state « are shown by black pixels; all other 
doxatons are white. 


sponds to the distribution of probabilities in the development of stirred 
collectives. 


Let x? = py for any doxaton i. Then z} = 6 with probability 1/2 and 
x} =. with probability 1/2; and z! = x} for any ¢ > 1. 


a 
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Fig. 3.6 Initial «-configuration. Example of space-time configuration of doxaton collec- 
tive developing from initial H-configuration; every doxaton takes «-state initially. Time 
goes up down. 

















The result of the composition (4 © 4) © pu equals 6 or « with the same 
probability. Set {6,} is a ©-quiescent set. 


Let x? =e (x? = 6) for any doxaton i; then xt =z (xt = 4) for any t > 0. 


This follows directly from the previous proposition and properties of 
¢-quiescent sets. 
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Fig. 3.7. Initial e-configuration. Example of space-time configuration of doxaton col- 
lective in case of H-start; every doxaton takes e-state initially. Time goes up down. We 
make the same color separation as in the previous figures. 


3.5.2 Development of dozatons from Q-configuration 


Let 2? = and Vj #1: x} = 6; then aj € {5,1} for every i for some finite 
t. 


We see (Fig. 3.8) that there is a definite period of “perturbations” when 
tree-like structures, composed of «-, u- and e-states, grow. However, the p- 
and «-branches of the tree become extinct quickly and a group of islands, 
usually of single state v, is formed. As soon as this happens the configuration 
of doxaton states becomes stationary because both - and 6-states are left 
zeros and right identities in (©, {6,4}). These domains of state z are usually 
only a few doxatons wide. 


Let there be one doxaton i such that x? = w (a? = «) and Vj ¥ i: 
2} = 6. Then Vj: xj = 6 after some time step t. 


Doxaton i keeps its state 4 at the tth step of its development with 
probability 1 — (2t)~1. That is, quite soon a small island of »: disappears. 
The probability of the extinction of non-6-states in the case of x? = «-start 
can be evaluated in the same way. 


Let 29 = « and Vj # i: 2} =v. Then (a) there is such at > 0 that 
zi =k, wor 6; (b) Vj Ai: x5 € {e,c}, for t > 1; (c) ai = vif |j—i| >t; 
(d) xi =e if |j—i[=¢; (e) 2j € {e,o} if 0 < |g -a] <t. 


Neighbors of a doxaton in state « take state € at the next step of the 
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Fig. 3.8 Example of the space-time development of doxatons starting at Q- 
configuration. One doxaton takes state € initially while other doxatons are in state 
6. The 6-states are shown by dots. 


development: vx. > €. The local transitions eee — € and eee — ¢ occur with 
the same probability. A doxaton in state s surrounded by doxatons in state 
€ takes state «. Therefore, for any doxaton j, 7 4 i, we have xt € {e,c} 
(it takes one of the states with the same probability), if t < |j — i|; and, 
zt =e ift = |j —i|. Thus the growing triangle (Figs. 3.9 and 3.10) is 
bounded by states e. The internal structure of the triangle is homogeneous, 
where states €« and «¢ are distributed uniformly at random. Behavior of 
the ith column (bisector of the triangle corresponding to the doxaton being 
initially in state «) is non-trivial. For any z, i and t > 0 such that |z—i| =1 
and x € {e,c} and zi € D we have x't! © {e,1} (see the matrix (3.2)). 
Moreover, for zi = 4 we have att! = ¢ if xt € {x,e} and zit! = . if 
xi € {,6,c}. This means that states different from € and z do not diffuse 
along the chain. What can we say about doxaton i? The doxaton i will 
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Fig. 3.9 Example of space-time development of doxatons developing from Q- 
configuration. One doxaton initially takes state « and others state +. Doxatons in 
state . are shown by dots. 


be in any of three states: 4, « and € at any step t of its development with 
the same probability. This is because (a) 2j*! = zt if z!_, = 2t,, =« (see 
the matrix (3.2)), and (b) probability distributions (p,,py,ps) for local 
transitions in neighborhood configurations exe, ede and eye are (4, + 4), 
(4, 4,4) and (4, 5, 4), respectively. 

Spreading delusion shown in Fig. 3.9 reflects both variants, subject to 
interpretation, of shared delusions, as proposed in [Mullen (1997)]: 


e “Simultaneous emergence of delusion in closely associated individuals, 
where the content is shared, probably as a result of shared environment, 
but the origin is independent”. 


e “Communicated delusions, where two individuals living in close associ- 
ation, both of whom have a propensity to psychotic disturbance, come 
to influence and share each other’s delusional world”. 


Let for the only doxaton i x? = « and Vj Ai: 29 =v. Then fort >0 


ty J 


vi =vif|j—i| >t, 25 =e if |j —i] =t and 2; € {ee} if |j — a] <t. 


The growing triangle (Fig. 3.11) has a structure similar to an e-v-triangle 
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Fig. 3.10 Development from cxi-configuration. Example of space-time configuration of 
doxatons developing from initial Q-configuration. Every doxaton j except one doxaton 
i takes t-state initially. Doxaton i takes «-state. 


in the previous proposition. It is bounded by doxatons in e-states because 
of local transitions we — € and ex — €. Every doxaton z being inside the 
triangle takes either state « or state . with the same probability. 


Let initially every doxaton but i take state /-state; doxaton 7 takes state 
ps. Then for any t > 0 all doxatons except i are in state « and doxaton 1 
is in state y. 
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Fig. 3.11 cec-start. Example of space-time configuration of doxatons in case of initial 
Q-configuration. All doxatons but i take state « initially. Doxaton i takes state e. 


This is because z is a right identity in (©,D), -Op=e. 


3.5.3 Collective based on algebras of non-sense 


3.5.3.1 Developing from H-configuration 


If naive agents start their development in the random configuration 
where every agent takes one of Q states with the same probability 3 
then, after a finite number of steps, the collective falls into a stationary 
configuration [0*12*]*, where * stands for a concatenation. 


Any configuration of 1s, which has at least one 2 or 0 state, will be 
entirely in the 2 or 0 state, respectively, in a time proportional to the 
length of the configuration because a*y 1 =1l*na=a,ifa=Oora=2., 
Agent i preserves its 1 state if c!_, # 2!,,, vf, #1 and zi,, #1, ie. 
its neighborhood takes one of the states 210 or 012. Final probabilities 
of 0, 1 and 2 states, obtained in computer experiments, are 2, A and 2. 
respectively. 

A configuration of conservative agents becomes stationary at the first 
step of the development, Vz : z*+! = z, if t > 0. The ocean of the 1 states 
is formed with the islands of either 0 or 2 states. Islands are separated by 
at least two agents in the 1 state, because 0 *¢ 2 = 2*¢ = 1, and the global 


transition is 


Peds. 90 OT Toes 


i 
-1-+-12---2110---O1---1--- 
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The final distribution of states is (0.17; 0.76; 0.17). 


wes 


2-state 





Fig. 3.12 Example of space-time development of a collective of anxious agents devel- 
oping from initial H-configuration. Initially, each agent takes one of three states with 
probability 3 distributed uniformly. Time goes up down. 


In development of anxious agents, final probabilities of agent states tend 
to 3, 0 and 3 for the states 0, 1 and 2, respectively. This is reflected in the 
uniformly distributed sparse random trees of 0 states, and dense islands of 
1 and 2 states (Fig. 3.12). 


Let every contradicting agent 7 start development in one of the randomly 
chosen states of Q. Then, for t >t’, we have xf € {0,2}, where ¢’ = [4] 
and | is a length of the widest island of 1 states, 1---1, in the initial 


l 
configuration of the agents’ collective. 


This is because x*t = 1 only if all neighbors of i are in state 1 (see the 
matrix (3.8)). 

A space-time configuration of a collective of contradicting agents ex- 
hibits sophisticated labyrinthine patterns of 0 and 2 states. This structure 
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Fig. 3.13 Example of space-time configurations of collective of contradicting agents 
developing from initial H-configuration. 


is usually composed of several uniform domains with regular vertical or hor- 
izontal orientations of the same states (Fig. 3.13). An explanation of the 
vertical stretches is as follows: zit? = 2 (0) if u(z;)’ = 020 (202). The parts 
with the horizontal orientations occur because z+? = 0 (2) if u(a,;)* = 222 
(000). A competition between domains with different orientations is due 
to the randomized scanning (see rule (3.10)) of a neighborhood that influ- 
ences the local transitions: 2'+* = 0 with probability p, and zit! = 1 with 
probability 1 —p, p = 1/2, when u(x)f € {002,022, 200,220}. Therefore, 
the final distribution of probabilities of states 0, 1 and 2 is (5; 0; $). 

A collective of contradicting agents can be reduced to a one-dimensional 
cellular automaton with ternary neighborhood u(x) = (y,z,z) and binary 
cell state set {0,1}. The cells update their states by the rule: 


att! 0, P= 2Vile SLA =0) 
1, eS0V le] 1Ab S11) 


where ao! = y' + z# and € is a binary random variable; state 1 of a cell 
corresponds to state 2 of an agent. 


3.5.3.2 Development of naive agents from Q-configuration 


Let agent 7 of a collective of naive agents take state a at the beginning 
of development, x° = a, and any other agent j # i be in state b, «9 = b, 
a € {0,1,2} and 6 € {0,2}. Then any agent of the collective takes state 
b at time step t > 0. 


This is because (a *y b) ev b = (b *y a) ty b = (b ¥en b) en a = 8B, 
a € {0,1,2} and b € {0, 2}. 
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Let for one agent i z? = a and Vj #i: xo = b, where a € {0,2} and 
b=1. Then xi = aif |j —i| <t. 


This is because 1 is an identity and every element of Q is idempotent 


in (kN, Q). 


Let in a collective of naive agents two agents, 1 and j,i #7,i< j, be 
initially in non-quiescent states, x? = 0, a = 2, and all other agents 
z #2, z #7 be in a quiescent non-sense state 1, 22 = 1. Then at 
any time step t > |i ~ j| and odd |i — j|, or t > t +c, c being a small 
positive integer, and even |i — j|, there is such an agent s € {[4], |4]} 
that «{ = 1 and for any agent z we have z! = O if z € [x —t,s — 1]; 
xt =2ifze[s+1,2+t], and xt = 1, otherwise. 


The situation with even |i — j| is as follows. At time step (|i — j| — 2)/2 
the meeting point of 0 and 2 fronts looks like 0---0120---0. From 
(1 *y 2) *v 0 = (1 *y 0) xy 2 = 1 we see that this sub-configuration is 
stable. If |i — j| is odd the meeting place looks different: 0---0022-.-2. 
Because of the random nature of the update rule (3.10) the agents be- 
ing at the exact sites of meeting points change their states probabilisti- 
cally. Namely, assuming static left 0 and right 2 neighbors, the transfor- 
mation of the sub-configuration can be represented by the graph shown in 
Fig. 3.14, where a probability of a transition along an arc outgoing from 
node w equals outdeg(w)—!. The sub-configurations 0---0112---2 and 
0---0122---2 are equivalents of the absorbing states in the development of 
the sub-configurations. 








Fig. 3.14 Transformations of sub-configurations of naive agents. 


3.5.3.3 Development of contradicting agents from Q-configuration 


Amongst all possible initial configurations we consider non-quiescent states 
in an ocean of 1s, because 1 is the only identity of (xcn,Q). Notice that if 
any contradicting agent takes state 0 or 2 at the beginning of development 
then it will take state 0 or 2, respectively, at even time steps and state 2 or 
0 in odd time steps of the development. The global oscillations with period 
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1 are induced by the local transition rules 000 — 2 and 222 — 0. Let g be 
such a function that g(0) = 2 and 9(2) = 0; then we have the following. 


Let in a collective of contradicting agents x? = 0 or x? = 2 and Vj #i 
aj = 1. Then cf = 1 if |j — i] > t; xt = 29 if |j — i] is even, and 
xt = g(x?) if |j — 4] is odd, for |j —i] <t. 

This means that the space-time configuration contains a triangle, 
“rooted” at 2 at ¢ = 0, which is filled with columns of Os and 2s, ie. it 
has the regular pattern of agent states. This follows directly from the local 
transitions {020,110,011} — 2 and {202,112,211} — 0, which are deter- 
mined by the matrix (3.8). The transitions are invariant to the order in 
which neighbors are scanned by an agent. 

How do these growing domains (originated from two agents being ini- 
tially in non-quiescent states) interact with each other? Let two contra- 
dicting agents i and j, |i —j| being even, take the same state, either 2 or 0, 
at the beginning of development, z? = y? =a, a € {0,2}; and let all other 
agents be initially in state 1. Then, for every agent z we have x5 = aif |z—3| 
is even, and x! = g(a) if |z —i| is odd, for ¢ > t*, t* = min{|z — iI, |z — jl}. 
That is, the waves of diffusing states passively merge. The same thing hap- 
pens when |i—j| is odd but 2? # yj}, xP, yp € {0,2}. Let x? = 0 and x} = 2; 
then zt = 0 for any z if |z — i| is even; and 2* = 2 if |z — | is odd. In the 
case of x? = x9 = 0 or 2 and odd |i — jj; or, x? # x9, x9, y? € {0,2} and 
even |i — j|, an instability occurs (see Fig. 3.13). 


3.5.3.4 Development of conservative agents from Q-configuration 


Let x} =a and for any j # iz = b, where a = 1 ifb € {0,2} anda e {0,2} 
if b = 1; then x} = a and zi = b fort > 1. This is because 1 is a right 
identity and a left zero in (*c,Q). 


Let x? = a, a € {0,2} and Vj #i: 2} = g(a). Then, fort > 0 2, = Lif 
|z —i| <1 and 2’ = g(a), otherwise. 
That is, a stable domain of 1s is formed in the ocean of a. This follows 
from (2 *¢ 0) *¢ 2 = (2*¢ 2) *¢ 0 = (0*¢ 2) ec 2=1. 
3.5.3.5 Development of anxious agents from Q-configuration 


Starting at an initial Q-configuration, collectives of anxious agents exhibit 
inhomogeneous, and often quasi-chaotic, triangular patterns. In the case of 
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1---101---1and1---121---1 initial configurations, x? = 0 or 2, and Vj #1 
aS = 1, a pattern inside the triangle is stochastic but the boundaries of the 
triangle are not. For any agent z we have x} = 1, ift > 1 and |z—1| >t; 
and x? equals 0 or 2 with the same probability, if |z — i] = t. This follows 
from (1*40)*41 = (1*41)*42 = 2 and (1*41)*4,0= (l*42)*41=0. 
The state configuration inside the triangle is similar to that exhibited by 
anxious crowds (see Fig. 3.12). 

The outcomes of the initial configurations 0---010---0, 0---020---0, 
2---202---2 and 2---212---2 differ considerably from the previously dis- 
cussed situations. 


Let x? =a and Vj #i 2} = g(a), a € {0,2}. Then one of the following 
situations takes place with the same probability: (a) for some great t 
every agent z changes its state in cycle z¢+! = g(x‘); (b) for some not 
so great t > 0 every agent z takes state a. 


The switching to one of the regimes, (a) or (b), happens at the very 
beginning of development: already at the first step we have x! = g(z9). 
However, the local transitions 020 — 0 and 020 — 1 (as well as 202 — 2 
and 202 — 1) occur with the same probabilities. This is because 


(0 *4 2) *40 = (2*,4 2) *,0=1, (3.11) 


(0 *4 0) *42 = (2*4 0) *42=2. (3.12) 


An agents’ configuration becomes stationary if Eq. (3.11) is valid. The 
pattern [20]*, * stands for concatenation, and usually dominates in agent 
development, i.e. the following global transition 


- 2020202020 - - - 
-- 0202020202 - - - 
- + 2020202020 - - - 


occurs. 
Development from initial configurations 0---010---0 and 2---212---2 
is similar to previous cases except that no patterns become extinct, due 
to local transitions 000 — {1,2} and 221 — {0,1}. The periodic pattern 
-++02020--- dominates in every trial of computer experiments. 
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3.6 Interacting doxastic worlds 


A basic set of interacting doxastic worlds is a Boolean B(D) of the set 
D = {k,€,u, 6,4} of doxastic states. Every element of B(ID) is considered 
to be a doxastic world of an agent. Elements of the same world do not 
interact with each other. The worlds interact in a binary fashion. That is, 
the state of some world W’ can be changed as a result of interaction with 
another world W” as follows: 


yw' ee w' ow". 


The composition o of the worlds W’ and W”, W',W” € B(D), is defined 
as W = W'oW", where for every x € W’ and every y € W” 


W=WU{zroy}, (3.13) 


where W = {0} initially. We also assume that W o {0} = {0} oW = {0} 
for any W € B(D). The composition o is not symmetric and it is not 
commutative. 


The empty set is the only null of the algebra (o, B(D)). 
This follows directly from Eq. (3.13). 

Set {c} is a right-side identity of the algebra (o, B(D)). 
This is a consequence of the identity of ©. 


Sets {0}, {6}, {c}, {e,c}, {6,0} and {p,6,c}, D are idempotents of 
(0, B(D)). 


Both the empty set {@} and the set D are trivial idempotents. Idem- 
potency of {6}, {c} and {6,2} follows from the properties of the algebra 
({e, 6}, ©). Concerning the remaining worlds, we have the following result: 
{e, ce} 0 {e,c} = {e,c} U {e} U {e} U {e} = {e,c} and {p,5,c} o {u, 5,0} = 
{5,e} U {5} U {o} U {u, 5} U {5} U {o} U fu} U {4} U {0} = {u, 6, of. 


Worlds consisting of delusion and ignorance, doubt and ignorance, or 
misbelief, doubt and ignorance are stable. 


The worlds are stable in a sense that they cannot be modified as a result 
of composition with themselves. 
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Let G = (V,A) be a digraph, representing (B(D),o). Vertices of V are 
uniquely labeled by elements of B(D). We use the same names for the 
vertices and the worlds. The vertex X is connected by an arc (X,Y) with 
the vertex Y if there is such an element Z of B(D) that XoZ=Y. Let G 
represent the whole space of development of doxastic states. 

A world W is called an Eden, or non-constructible, world if there are 
no such worlds W’, W’ #4 W and W” of B(D) that W = W’oW". The 
definition is slightly relaxed compared to conventional ones to allow the 
global states with loops to be in the family of Eden states. 


The worlds {x}, {x,e}, {u}, {e, wu}, {e, d}, (4, c}, (x, €, 0}, {u,c}, {x, pw, 0} 
and {e, 4, c} are Eden worlds. 


Here we show only that {«} and {«,v} are Eden worlds; by analogy it can 
be done for any other world. The world {«} is constructible if WoW’ = {x} 
for some W and W’. From the matrix (3.2) we see that « can be produced 
only if W contains 6 or «. State 6 is not appropriate because for any 
y ED: dOy€e {{u,«}, {6}}. Therefore, « is the only possible candidate 
to be included in the world W. Actually, « should be the only element of 
W, otherwise the states different from {«} are produced. However, by the 
definition of an Eden world we have W’ # {x}. For another candidate, 
{k,t}, we obtain WoW’ = {x«,v}, where W can consist of two possible 
elements: {,5} and {e,v}. State 6 is of no use because the state ys is 
produced in a pair with «. Solving € © z = {1}, we have z = yp. However, 
«KO©u=6. Thus, W includes {«,1} that contradicts the definition. 

We say that the doxastic states x and y, x,y € D, are in an Eden relation 
E, xEy, if set {x,y} is a sub-set of some of the Eden worlds, if x #4 y; and 
{x} is an Eden world if x = y. 

The graph representing relation & is shown in Fig. 3.15. 

The vertices {0}, {6,c} and D have maximal indegrees — 32, 25 and 15, 
respectively — in graph G. 

If we delete edge {0} from graph G the graph will split into two compo- 
nents. If all three vertices with maximum degrees are deleted from G the 
graph will be divided into three components. Two of them consist of three 
worlds each, and the other includes the remaining worlds (Fig. 3.16). 

Until this moment we assumed that the worlds interact asymmetrically. 
In terms of chemical reactions this means that world W” plays a role of a 
catalyst: 


w’ + w" ay (W' oO w") + ww". 
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Fig. 3.15 Eden relation of doxastic worlds. 


{e, 6} 


sie a 


(er fe, t} {x, ¢, H,t} fed: e} 


{x} ——> {x, 5} {py} {¢, 4,6} {e, u} 


oe 


{5} —~ {«, 4, 5} <———— {H, 5} ——— {u, 6, 4} +——. {4,2} ——> {e, 4, 4, t} aed {e, fH, 6} 
{«, wu} —— {k,n 4, t} —> {k, €, 4, J} — {a, 6,t} —— {rc} 
{«, p,¢} {x, €, 6} —+ {x, 6, 5,1} —— {«, ¢} 


{i,€,0} 
Fig. 3.16 Components of graph G. 


How does symmetrization of Eq. (3.13): 
W=WU{zroOy}U{yoz} (3.14) 


change the system of interacting worlds? A fusion of the worlds is the first 
outcome: 


w' + w" mare 2(W’ re) Ww"), 


An empty set {@} still remains the only zero in Eq. (3.14). The algebra 
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(o, B(D)) loses its identity {0} when we change Eq. (3.14) to Eq. (3.13); 
however, idempotents survive. The most interesting thing happens to Eden 
worlds: the number of Eden worlds increases. 


Let worlds from B(D) interact by the rule (3.14). Then worlds 
{}, {u}, {s, u}, fe, u}, {, €, uF}, {5}, fe, 5}, {e,u, 5}, {e}, (x, of, (6, My of 


and {«,6,c} are Eden worlds. 


The graph representing an Eden relation is transformed now to a com- 
plete graph where all but {e} vertices have loops. Thus, not simply new 
Eden worlds emerge but also some old Eden worlds disappear. Another 
remarkable difference between asymmetric (3.13) and symmetric (3.14) in- 
teractions of the worlds is that every node of G has a loop in the case 
of (3.13) and some nodes do not have loops in the case of (3.14). Almost 
all Eden worlds of asymmetrically interacting worlds have corresponding 
nodes without loops in graph G. There are five exceptions. Eden worlds 
{6} and {z} do not have loops on their corresponding nodes of G. The 
worlds {«,6}, {k,€,5} and {x,e, 4,5} are not Eden and they also do not 
have loops on the corresponding nodes of G. 


3.7 Doxastic chemistries 


Now we return to a chemical paradigm, introduced in previous chapters, 
and consider a chemistry of beliefs to enrich our understanding of global dy- 
namics of stirred pools of believers. When two individuals meet each other 
they may update their doxastic states. Thus, a binary reaction between 
any pair of doxastic states occurs. New doxastic states may be generated 
as a result of the binary reaction. Therefore, we can talk about products 
of doxastic reactions. Defining various types of reactions between doxas- 
tic states, we can determine principal classes of doxastic chemical systems. 
A dynamic of doxastic chemical solutions may reflect, up to some degree 
of accuracy, development of collective beliefs in natural, e.g. crowds, or 
artificial, e.g. multi-agent systems and robot collectives, worlds. 

In this section we discuss several classes of doxastic chemical reactions. 
When designing a set of chemical reactions we keep in mind that each 
molecule of a doxastic reactant may represent not only an abstract thought 
but rather a carrier of the doxastic state, i.e. a real or imagined person, 
an agent. In such a situation two or more molecules will never vanish as 
a result of their reaction; the same amount of other reactant molecules is 
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produced. Some propositions in the section are illustrated with differential 
equations, where cx stands for a concentration of the reagent X and éx 
stands for (d/dt)cx. 


3.7.1 Dozastic reactions 


From the irrational composition ©, see the matrix (3.2), we derive a set of 
quasi-chemical reactions as aX @bY — cZ+dW, where X,Y, Z and W are 
doxastic reactants and a, b, c and d are integer coefficients. The reactants 
of knowledge, delusion, misbelief, doubt and ignorance are shown by the 
symbols kK, £, M, D and J, respectively. 

The following set of reactions is straightforwardly derived from the ma- 
trix (3.2): 


2K —~>K+D, 
2K+2EF o> K+D+E4+T7, 
K+2M >2D4+M, 
2K+2D—-2K+D+M, 
K+I-K+E8, 
2E-E+T, 

B+2M ~I4+M4+D, 
2E+2D> E+I4+M+K, 
2M—>D+IT, 
9M+D—>M+2D. 


(3.15) 


We call the set (3.15) a chemistry of anxious believers. 

If one prepares a mixture of five doxastic reactants, each in the same 
concentration, and pours the mixture into a continuously stirred tank the 
following chain of events unfolds. The ignorance and doubt increase in con- 
centration while the knowledge, misbelief and delusion decrease, as shown 
in Fig. 3.17. Concentration of doubt increases because the doubt is pro- 
duced by knowledge and misbelief themselves, when knowledge is decom- 
posed into knowledge and doubt, and misbelief is decomposed into doubt 
and ignorance. Doubt is also generated in reactions between knowledge and 
misbelief, knowledge and delusion, and misbelief and delusion. However, 
doubt is only consumed when it reacts with delusion: 


: 2 2 
Ip=%t+@Uyt+l€KIM+LKL E+ LELY —LELp. 


Dotastic Dynamics 101 


Conc [mole] 








Fig. 3.17. Dynamic of a stirred reactor filled with knowledge, doubt, misbelief, delusion 
and ignorance, all in equal initial concentrations. The reactants interact by reactions 
of the set (3.15). 


Knowledge, misbelief and delusion decline in concentration altogether: 


2 


IK = sas —2KLM t+ XLEZp, 
Im = Oi + 2KE p+ XLEXp, 
lg= —2%, —Z2EI uM +@LKTY. 


Ignorance behaves similarly to doubt: 
f= lete t+ @eMiuM+eKneg + Lely + LeLp —xLKTIY, 


with the only difference that the doubt itself contributes to ignorance pro- 
duction. As we see in Fig. 3.17, doubt is a second dominating state in the 
doxastic solution. Actually, this does not contradict common sense, be- 
cause doubt and inactivity are quite usual attributes of even very advanced 
thinkers. 

Someone may say that the dynamic of doxastic mixtures contradicts 
obvious evidence of a generation and accumulation of knowledge in a human 
society. We would rather quote Gustave Le Bon, who wrote in 1895 {Le 
Bon (1994)}: 


“Civilizations as yet have only been created and directed by a small 
intellectual aristocracy, never by crowds. ... In crowds it is stupidity 
and not mother-wit that is accumulated”. 
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Stupidity is not ignorance; nevertheless, certain parallels may be drawn. 

Obviously, by keeping a constant influx of knowledge, high enough for 
some knowledge to be left after its consumption in the reactions of the 
set (3.15), one can actually achieve a persistent domination of knowledge. 
The influx may represent a knowledge previously accumulated in the sys- 
tem and kept non-destroyable in a form of books, or parental experience 
transferred to children, or a sacral wisdom. However, all these types do not 
store and deliver the knowledge in its pure form; the knowledge is rather 
contaminated by misbelief and delusion. 

Several reactions of the set (3.15) are formally correct but nevertheless 
a bit strange from a common-sense point of view. We could correct this 
“inaccuracy” using the following reactions: 


3K +3M > 2D+2M +2K, 
3M +3D > 2K 42D+4+2M, (3.16) 
IM->D+E. 


Then knowledge reacts with misbelief with a production of doubt, misbelief 
and knowledge. The misbelief decomposes itself into doubt and delusion, 
not doubt and ignorance as in the original set of reactions. 


3.7.2 Rationalizing doxastic mixtures 


The set (3.15) of doxastic reactions, even with the modification (3.16), is 
open to criticism, because the original doxastic composition © is derived 
from the irrational way of updating doxastic states. There are several 
schemes that may look more rational from a common-sense point of view. 
A simplest set of reactions may include the following interactions. When 
knowledge reacts with misbelief doubt is produced. When reacting with 
knowledge doubt is transformed into misbelief; when reacting with misbelief 
doubt is transformed into knowledge: 


K+M-— 2D, 
K+D-oM+K, (3.17) 
D+M3M+K. 


The scheme (3.17) contains a sufficiently reduced set of reactions, modified 
from the set (3.15). 

The doxastic mixture evolves towards a regime of high-amplitude ape- 
riodic oscillations (Fig. 3.18). This type of development looks realistic be- 
cause usually neither real societies and collectives nor individual minds rest, 
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Fig. 3.18 Dynamic of a stirred reactor filled with knowledge, doubt, misbelief, delusion 
and ignorance, all in equal initial concentrations. The reactions are governed by the 
scheme (3.17). 


in a homogeneous state but exhibit fluctuations between different states of 
their beliefs and opinions. 

The scheme (3.17) employs only three doxastic states. To take into 
account all five of them, we offer the following set of reactions: 


K+E->2D K4+M—-2D K+D-— 2K, 
K+Il->2K EFE+M—>2D E+D-— 28, (3.18) 
EB+I32E M+D->2M M4+I-—-2M. 


Doubt is produced in the reaction between knowledge and delusion, or 
knowledge and misbelief, or delusion and misbelief. Knowledge, delusion 
and misbelief are not generated in reactions between other reactants. How- 
ever, they do increase in concentration when they consume ignorance or 
doubt. 

In experiments with stirred reactors, filled with a mixture governed 
by the set (3.18), we observe bifurcation between knowledge, misbelief and 
delusion. Therefore, finally only one of these three reactants dominates in 
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Fig. 3.19 Example of global dynamic of a stirred reactor filled with knowledge, doubt, 
misbelief, delusion and ignorance, all in equal initial concentrations. The reactions are 
governed by the set (3.18). 


the reactor; the concentrations of the others decline. 

Let us consider an example of reactor development with dominating 
knowledge (Fig. 3.19). The following dynamic may be observed in the 
experiment. Ignorance dramatically declines and disappears: 


ty = —21(t@K +25 +2). 


Doubt inflates and becomes a dominating reagent, because in the binary 
reactions involving knowledge, misbelief and delusion only doubt is pro- 
duced: 


ip =@Ktg+eKIM +2RLM —Lp(%ut+eK+Le). 


Concentrations of delusion, knowledge and misbelief are similar during the 
initial period of mixture development, when knowledge, misbelief and delu- 
sion are competing for the domination. Eventually one of the states wins 
and the others vanish. Finally, the mixture is entirely in the state of either 
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knowledge, misbelief or delusion: 


ten =2tK(t1+up—-@E-—zZy), 
im =2tm(t1+2p—ZK —£R), 
tig =2e(21+z2p —@M — kK). 


As soon as one of the doxastic states prevails in the development, doubt 
deteriorates because reactions between knowledge, misbelief and delusion 
occur less and less. 


3.8 Future is delusion 


We have considered a quite unrealistic but not entirely impossible situation 
when every agent of a collective updates its belief depending on beliefs of its 
neighbors and local justification of its belief in the vicinity of these neigh- 
bors, not in its own neighborhood. We created a pentad of derivatives of 
belief, constructed various algebraic systems and analyzed spatio-temporal 
development of doxastic collectives. The order in which doxastic states 
emerges is remarkable: knowledge, doubt, misbelief, ignorance and delu- 
sion. A similar sequence of mental states is quite usual for everyone who 
encounters a serious problem or an obstacle, the solution or overcoming of 
which is invisible or even impossible. This person knows the problem but 
he is unable to solve it. Then he doubts whether the problem does exist at 
all. Then he suggests that the problem is not real. On failing to convince 
himself, he simply ignores the problem. Finally, the person lets himself flow 
in the stream of delusion, which, as we discussed earlier, may play a role of 
protection from hostile environments, situations or traits. 

The whole chapter is somewhat an opus to delusion. In our models 
we demonstrated that delusion spreads, and delusion eventually dominates 
doxastic pools. This may evoke a pessimistic feeling that the whole world 
evolves towards delusion. This is true but there is nothing wrong with this 
because 


Delusion is a pre-knowledge. 


Why? Because delusion “involves abnormal beliefs that arise in the con- 
text of disturbed judgements and an altered experience of reality, such that 
it becomes a source of new and false meanings” [Mullen (1997)| and also 
because delusion could be seen as “... reasonable attempts to make sense 
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of what is a puzzling and emotionally provocative experience” [Chadwick 
et. al (1996)]. 

Not only delusional thinking is sometimes attributed to disturbances in 
an affective sphere [Winters and Neale (1983)| but more rightfully delusions 
are seen as reversions to primitive modes of thinking. 


Delusion is a “disturbance of logical thinking due to the release of ge- 
netically more primitive styles of thinking” and “a regressive failure to 
use Aristotelean logic” [Winters and Neale (1983)]. 


A delusion, itself is a very delicate matter, was defined in the chapter 
quite straightforwardly. It was done simply to avoid the unwanted ques- 
tions related to the persistence of this belief even when an effort is made to 
dissolve it by appealing to reason. However, from the structure of the com- 
position © we see that, when colliding with other doxastic states, delusion 
can either survive or be transformed to ignorance. One can also suggest that 
a fantasy, i.e. the formation of concepts not presented to the senses, as well 
as considering things that are not taken to be real, may be a more appro- 
priate term for this formally defined doxastic state, especially when dealing 
with psychopathological phenomena [Coville et. al (1960)]. Spreading of 
delusion demonstrated in cellular-automaton models is akin to spreading of 
delusional experiences to the healthy parts of the mind, where “delusional 
explanations become more complex and bizarre” [Murray (1997)]. 

We have shown that ignorance is the right identity of ©, ie. any agent 
that is ignorant cannot affect agents being in other doxastic states. This 
contradicts Goethe’s “there is nothing more frightful than ignorance in 
action”, who obviously meant something else; however, it does conform 
to the common-sense vision of ignorance. Notably, neither delusion nor 
ignorance can be born in pairs with misbelief or knowledge. Ignorance 
itself can be changed to delusion, when it interacts with knowledge, which 
peculiarly fits Saul Bellow’s 


it 


. a great deal of intelligence can be invested in ignorance when the 
need for illusion is deep”. 


However, when an ignorant agent interacts with an agent being in any 
state but that of knowledge the state of ignorance remains unchanged. 

Uncertainty may lead to stability. The proof is that only doubt and 
ignorance are idempotents; knowledge is unstable but it is a generator 
of all doxastic states. Both ignorance and delusion are absorbing states 
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of reflecting agents. Talking about reflecting agents, we should highlight 
that reflections of naive, conservative and anxious agents are stable. These 
agents never change their initial states. The contradicting agents change 
their states in a cycle where truth is substituted by falsity, and falsity by 
truth. This happens if contradicting agents do not start their development 
in a state of non-sense. The non-sense is a fixed point for all of them. 

The collectives of ©-agents, both stirred and ordered collectives, evolve 
towards delusion and ignorance when they start in a random uniform initial 
state. 

The development of stirred naive agents can be diverted to a quite 
arbitrary global state depending on particular initial conditions. The stirred 
conservative agents that evolve to non-sense and contradicting agents finish 
their development in a homogeneous global state with an equal ratio of truth 
and falsity, without non-sense states. All states of anxious agents can be 
found in limit configurations of stirred collectives. 

In non-stirred collectives, in contrast to the stirred collectives, an agent 
must update its states depending on the states of two closest neighbors. We 
intentionally randomized the order of compositions of an agent’s state with 
the states of its neighbors to avoid possible artifacts, induced by asymmetry 
of the functors. 

Delusion and ignorance are the limit states in the development of or- 
dered collectives of ©-agents. However, if all agents start their develop- 
ment in the state of knowledge then they all will be in either ignorance or 
doubt eventually. Knowledge is usually lost in the development. Starting 
in misbelief, agents immediately fall into delusion and ignorance, which are 
equally represented in global configurations. A singleton of misbelief or 
knowledge in an ocean of doubt becomes doubting after some finite period 
of development. 

The fact that a state of global delusion is a likely fixed point in the 
development of doxastic pools conforms to commonly recognized attributes 
of delusions [Mullen (1997)}: 


e delusion is “not amenable to reason nor modifiable by experience”, 
e delusions are “experiences as of great personal significance and usually 
pre-occupy the person to the point of disrupting social and interper- 


sonal functioning”, 


e delusions “often extend to contaminate a wide range of the patients’ 
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beliefs about themselves and their world”, 


e delusions are “self-referential in that they directly concern, and are 
primarily about, the deluded subject and their immediate relationship 
to the world”. 


What does happen if a collective of entirely ignorant agents has an 
individual in a state of knowledge? Delusion spreads in such a collective. 
This individual himself, however, does not entirely give up his state in favor 
of the entire majority of his neighbors. Even being surrounded by delusive 
and ignorant agents the agent may fall into doubt or misbelief but he will 
never take the state of ignorance or delusion. An individual surrounded by 
ignorant agents keeps his original misbelief. The misbelief does not spread 
in the chain of agents. 

In some models we allowed agents to use non-sense functors to update 
their states. Their domains of truth are separated from domains of fal- 
sity by singletons of non-sense when collectives of naive agents start their 
development in a random homogeneous state. No two domains of truth 
and falsity directly contact each other. So, we see that domains of truth 
are formed; and non-sense is a limiting factor or a barrier which stops the 
spreading of truth and falsity. In collectives of conservative agents limit 
configurations consist usually of small domains of truth or falsity in an 
ocean of non-sense. The non-sense is eliminated from the collectives of 
contradicting agents in a time proportional to the size of the maximum 
chain of agents in a non-sense state. After that the domains, where every 
agent keeps its truth or falsity state unchanged, compete for the space with 
the domains where uniform chains of agents change their states asynchro- 
nously from truth to falsity and back. The non-sense almost disappears in 
collectives of anxious agents, giving way to breathing domains of truth or 
falsity. 

A diffusion of truth and falsity in naive collectives, where only one agent 
takes a truth or falsity state and all other agents are in quiescent states, is 
trivial. A space sub-division arising in the interaction of truth and falsity 
is more attractive. If two agents, being at some distance from each other, 
start their development, one in truth, the other in falsity, in an ocean of 
non-sense they sub-divide the chain into domains of truth and falsity. These 
domains are separated by singletons in a state of non-sense. 

We did not consider belief update or revision, in consistency with the 
established theory of belief update. However the convergence is visible, 
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especially with the Katsuno—Mendelzon theory of belief revision or its rea- 
sonable alternatives (see e.g. [Boutilier (1996)]). Our approach can easily 
be incorporated into various models of reasoning about shared or mutual 
beliefs including nested beliefs and human-like strategies of, sometimes un- 
realistic, revisions of belief [Taylor et. al (1996)]. Thus, for example, Lake- 
meyer’s logic of belief [Lakemeyer (1991)] allows us to distinguish between 
“knowing that” and “knowing who”, and to combine possible-world seman- 
tics and relevant logics. 

Our concept of interacting worlds has much in common with the combi- 
natorial worlds developed in [Nowak and Eklund (1994)], where the worlds 
can be used as a knowledge-representation framework. This analogy could 
be particularly useful in a sense of accessibility and similitude of the worlds. 
Non-monotonic reasoning and belief updating and revision may form direct 
outcomes of such approaches. 

And, finally, a “chemical” approach to simulation of collective doxa 
looks promising. There are possible applications in a theory of crowd de- 
velopment. In most examples one can find basic stages of a collective group- 
ing [Smelser (1962)]: a public, a mass and an expressive crowd. The public 
focuses on some issue but disagrees about it. Thus, initially, all reactants 
are in equal concentrations. The mass is more anonymous than the public 
and “less intimately engaged” [Smelser (1962)]. Reactants diffuse in a re- 
actor and a frequency of contacts between the doxastic molecules increases. 
When one of the doxastic states becomes dominating, all individuals may 
be seen as expressing similar impulses. Therefore, the state of the doxas- 
tic reactor represents the expressive crowd [Smelser (1962)] with collective 
consciousness: 


“In a collective situation the individual consciousness is obliterated. In- 
dividuals cease to react according to their potential” [Moscovici (1985)]. 


Chapter 4 


Normative Worlds 


In the previous chapter we introduced doxatons, and considered the not 
very realistic but not entirely illusory situation when every agent of a col- 
lective updates its belief in some proposition depending on the belief of 
one or more of its neighbors and local justification of the proposition in 
the vicinity of these neighbors but not the agent’s own neighborhood. We 
created a pentad of doxastic states, derivatives of belief: knowledge, doubt, 
misbelief, ignorance and delusion, together with an operation of binary com- 
position of these doxastic states. The doxatons are finite automata which 
take the doxastic states and update their states by the binary composition 
with other doxastic states. 

As we can see from the definition of the composition ©, provided in 
the previous chapter, the composition is not deterministic. For certain 
combinations of arguments two possible results may be chosen with equal 
probabilities; to reduce this uncertainty we introduce priority relations over 
doxastic elements which are generated in pairs. If elements a and £ are 
produced in pairs and chosen equiprobably, we assign that one of the ele- 
ments, say a, dominates the other element, G. Thus, we enforce generation 
of a, and therefore introduce a norm. In the previous chapter we dealt with 
probabilistic cellular-automata models of doxatons, i.e. the stochastic lat- 
tices of doxatons. Now we will study a deterministic doxastic composition 
by applying norms, which “straighten” doxatons’ behavior. In this chapter 
we aim to answer the question: how do norms influence the space-time 
dynamic of doxaton collectives? 
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4.1 Norms 


In social sciences norms are seen as behavioral constraints or reductions of a 
range of possible actions of an agent in a multi-agent environment. Norms 
are means of coordination in social systems [Castelfranchi et. al (1998); 
Saam and Harrer (1999); Rowe (1989)], where each norm is a normal rep- 
resentation of the standard to comply with. In the normative systems a 
behavior of the constituents is governed in such a manner to force compo- 
nents to obey certain rules: 


“A person rather conforms to norms than believes in them” [Valente and 
Breuker (1994)}. 


In game theory norms play a ternary role: coordination, conflicts of 
utility resolution and conflicts of inequality resolution (see e.g. [Ullman- 
Margalit (1978); Saam and Harrer (1999)]). We will mainly use norms in 
their second meaning, that is, for conflicts of utility resolution or, in other 
words, determinization of agent behavior. 

A formalization of normative systems may be based on a set of common- 
sense intuitions [Valente and Breuker (1994)]: the norms address specific 
situations by referring to certain patterns of behavior. Application of a 
norm involves a comparison of the current situation with a generic one [Va- 
lente and Breuker (1994)]. 


Every set element of G (a proper sub-set of a Boolean of D) is non-empty 
and a duplet at most. 


This follows directly from the matrix description of ©, discussed in 
the previous chapter. The last part of the proposition implies the non- 
determinacy of the composition ©. The pairs {y,«}, {u,5}, {«, 6}, {6,c} 
and {1,¢} are generated by binary composition of the doxastic states. Let 
states x and y, x,y € D, be in a relation { if there are two such elements 
z, and zp from D such that z; © zo = {x,y}. The diagram of the relation 
t (which is a relation of partial order) is shown in Fig. 3.1. 


Let x and y be elements of D. A norm on (D,©) is a binary relation < 
such that 

e city implies either  < yor y < Z, 

ex < y implies z; © 22:=y if z1 © z2 = {z,y}. 
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In the ©-compositions of elements of D five different pairs of doxastic 
states can be generated (see Fig. 3.1). Therefore, five norms can be applied: 
Nb; Ney Nus, Ng, and Nu. Every norm should be applied in one of its 
two forms. Therefore, we have 32 combinations of norms which may affect 
the algebraic structure of (D,©n); we write N to indicate a combination 
of norms. 


4.2 Properties of (D,@n) 


None of the algebras (D,@y) has nulls, not even left or right ones. Only 
right identities are present. 


State « is a right identity of (D,©y) for any combination N of norms. 


This is because for any element a of D we have a@t= a. 


The element 6 is a right identity of (D,On) if N = (K > 6)A(e > 
t) A (pu > 6). 


A role of each norm can be seen in the series of diagrams below: 


N=(K>6) 


KOb={k,5} —3 ° KONO=k, 
SOiSfeik =a conti Se 
N=(u>6 
wo = {y,d} 98? pow 6 =u. 


At the same time, 6©6=6 andtOd =v. 


Let I be a set of idempotents of algebra (D,@y); then the following 
dependences between norms and idempotents take place: 


I N 
{k,€,6,t} (K > 6) A(e >) 
{k,6,t} (K >d)A(Ee<e) 
{e,6,c} (K<d)A(e>2) 
{dc} (K<d)Ale<v). 


Only the norms N,5 and N,, are responsible for the structure of the sets 
of idempotents. This follows directly from the matrix representation of ©. 
States 6 and are idempotents anyway, independently of norms; 4s cannot 
be idempotent because 4 © ps equals either 6 or v. The cases KOK = {k, 5} 
and € © € = {e,} can be classified with the help of Nxs and Ne. 
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A set S is called stable with respect to a binary operation o if, Va, b € S, 
aobé€S. An algebra (S,o) is a commutative algebra if S is stable and, 
Va,bES,acb=boa. 


Algebra ({e,4)},On) is a commutative sub-algebra of (D,@wn) for any 
aN. 


This is because ®t =r Oce =€,6@e =e and € Oe equals either € or . 


Algebra ({«,5)},@y) is a commutative sub-algebra of (D,@y) if N = 
(K > d6)A(K> p). 


If © is not normalized we get KOK = {k, 5}, KO6 = {k, 5}, OOK = {u, K} 
and 6©6 = {5}. When we try to add the newly generated element pz to the 
set (which should be presumably stable), we find the element 4 emerging as 
u@©p = {6,c}; then € is generated as 1©k. So, the whole set D is produced. 
Therefore, we take the norm N,,, in the form « > u: N = (K > pw). Thus, 
we make the set {x,6} stable under operation Oy. However, we now have 
kK @n 6 = {k,d} and 6@y & = &. Therefore, we need to update N to 
N=(k>p)A(K> 5). 


Algebra ({,5)}, Ow) is a commutative sub-algebra of (D,@y) if N = 
(4 <6) A(6 > 0). 


We get uO u = {6,1}, 606 = {5}, 5O w= {5} and pod = {p, 5}. No 
norm affects the products 6© 6 = 6 and 6@yw= 6. Let the norm N5, be 
activated in the form 1 > 6. Then N = (c > 6) and pOn wp =. The set 
{u, 6, +} is stable. However, uOn t = wp and On wp =. Therefore, we must 
also take the norm N5, in the form 6 > 1, N = (6 >). We also update NV 
to N = (6 >t) A(u < 6) because 6 © wp = 6 and uw On 6 equals 6 only if the 
combination of norms N includes the norm p < 6. 


Algebra ({«, ,5)}, Ow) is a commutative sub-algebra of (D, On) if N = 
(K>d)A(u<K)A(U<d)A(d >). 


We take the norm Ns, in the form 6 > p because K © wp = 6 but 
OK = {u,5}. This norm also makes yz and 6 commuting. Non-normalized 
composition gives us K© 6 = {k,d} and 6@« = {pu,«}. Therefore, we 
apply norms N,5 and N,,, in the forms « > 6 and & > p, respectively. The 
non-normalized product © p = {6,2} gives us the element 1. This element 
cannot be included in our set because on including it we need to include 
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the element € as well (due to 1© K = €); the commutativity would also be 
violated. Therefore, we activate norm Ns, in the form 6 >. The product 
table of the obtained commutative sub-algebra is shown below: 





where N = (kK > 6)A(u<&)A(u < 6) A(6 > 1). This contains no units 
and no zeros are found. 


Sub-algebra ({k,€,6,4)},@n) is a semi-group if N = (K > pw) A(K > 
56) A(e >). 


When using non-normalized composition © we obtain 6 © « = {p,«} 
and 6 @¢ = {u,«}. Therefore, we have to apply the norm N,,, in the form 
« > p. The element ys is not generated anywhere except for 6 © & and 
56@¢€. Therefore, « > yu fully guarantees stability of the set {«, €, 6,2}. From 
this moment we assume that N = (kK > yu). The operation ©y must be 
associative. Thus, for example, the following takes place: 


K On (On 6) = (K On L) On 6. 


We see that k Oy (LOn 5) = &. However, (k On t) On 6 = KOn 6 = {k, 5}. 
Therefore, we update N to N = (k > 4) A(« > 6). Another constraint of 
associativity states that 


5 On (€ On K) = (6 On €) On kK. 


The right-hand side of this equation equals x. However, the left-hand one 

produces € On « = {e,e}. Choosing 1, we obtain 6 ©y ¢ = 6, which is not 

equal to the right-hand side of the equation. Therefore, we update N to 

N=(k>p)A(k > 6)A(e >). This gives us 6 Oe = «. All other cases of 

associativity equations are correct automatically for recently updated N. 
The product table of the semi-group looks as follows: 
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The elements € and « are left zeros; « and z are right identities. 


Sub-algebras ({k,¢€,4},On) and ({«,¢,5},Ow) are semi-groups if N = 
(k > 6)A(e >) and N=(k>6)A(e >t) A(u <4), respectively. 


An element a of D is called a generator of (D, Oy) if [aOn a] O74, a = D. 


The element « is the only singleton generator of the algebra (D,@y) if 
N=(K<d)A(U>K)A(6 <0). 


Really, having only « initially, we produce 6 as k Oy K = 6. Then, we 
generate in 6 @y «. The product uw On p gives us . Finally, we have 
L@n & =€. Algebras with other combinations of norms have either duplets 
or triplets as generators. 


The sets {x,€, 2}, {K,€,5}, {«, u,e} and {x, 6,v} are minimal generators 
of algebra (D,On) if N=(k > d)A(u>K)A(b>0). 


All other combinations of norms allow algebras to have one or more 
duplets as minimal generators. The detailed correspondence between com- 
binations N of norms and minimal duplet generators is shown below: 





N Generators 
(u<K)A(5 > 2) {e, 4} 
(U<K)A(M>S)A(E<c)] {Kp} 
(> 8) A(u>n)A(S <2) | {xu}, {4,5} 
(u<d)A(b<t)A(u<r)| {K, pH}, {64} 
( )A(w>K)A(6 > e) | {K€}, {4,0} 





4.3. Normalizing doxatons 


Recall that a doxaton is a finite automaton (S,I,7) with a set S of states, 
a set I of inputs and a mapping y: Sx 1 — S. The sets S and I equal 
D. For any two elements a € S and b € I, a mapping y of a free, ive. 
non-normalized, doxaton is determined as 


a,b) = 
a,>) c, or cg with probability 5 if a@Ob= {c1, cz}. 


‘ if a@b= {c}, 
1 


Normative Worlds 117 


If the doxaton is normalized and a combination N of norms is employed, 
then 


(a,b) cq. if a@b={c1,co} and N =(c) > cp), 
a,b) = 
% c. if a@®b={ce,ce} and N=(c2> 1). 


A norm is called principal if, being applied alone to the state-transition 
function of a doxaton, it changes the topology of the free doxaton transition 
graph G, e.g. it deletes at least one arc. 


Norms N5, and N,, are principal norms. 


From the structure of ©-composition and the free doxaton state transi- 
tion graph, we see that 


e applying the norm N5, in the form 6 > « we delete the arc uz — 2 
from the transition graph; the graph becomes sub-divided into two 
disconnected components: the first component includes the nodes k, 6 
and py, the second consists of ¢ and e¢, 

e applying the norm N,,, in the form 4. > « we eliminate the arc d 4 
from the graph; if the norm N,,, has the form p < k, the arc 6 > yp is 
eliminated. 


Now assume that input states of a doxaton are chosen at random at 
every step of the doxaton development; the elements of this random input 
sequence are distributed uniformly. In such simplified conditions, the be- 
havior of a doxaton is analyzed in probabilistic terms. Thus, for example, 
for a free doxaton being in the state y, we say that it will take the state 
again with the probability 3, it will take the state 6 with the probability 
2 and it will take the state . with the probability Te This can be easily 
derived from the matrix of ©-composition. 

Let a, b, c and d be elements of D and pg_.»|n,, be a probability of the 
transition of a doxaton from the state s' = a to the state s't! = b when 
the norm Neg is applied; at time step t the doxaton receives one randomly 
uniformly chosen element of D on its input. Then the following proposition 
is valid. 
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Consequences of norms N,5, N., and N,, are as follows: 
© Prd|x>6 = 3 and Pr—5|K<6 4; 

© Pe-uile>e = : and Pe—ule<e = F3 

© P5ply>n = 2 and Pé-K| <r 2, 


othe II 


In these conditions a doxaton keeps its state a with the probability 
Pa—alNea = 1 — Pa—b|N-q: The principal norm N,, was already discussed 
before. The role of the norms N,5 and N,, is rather cosmetic. Both norms 
N,zs and Ng, are applied to the doxaton when it has the state ju. 


Consequences of the norms N,,5 and Ns, are as follows: 


© Py jast = 2 and Pu5j4sd = 3; the doxaton keeps the state pz with 
the probability e; 

© Py .5) 425 = # the doxaton keeps the state y, with the probability 4; 

© Py asd = é; the doxaton keeps the state 4 with the probability 3; 

© Py j4es = * the doxaton keeps the state y with the probability 4. 


4.4 Normalization of reflecting doxatons 


A doxaton is called reflecting if it updates its state at time t + 1 depending 
on its state at time t. Starting its development in the state 6 and 4, a 
doxaton keeps these states forever independently of the norms applied. This 
is because 6 © 6 = {6} and 1Ou = {t} (see also [Adamatzky (2001a)|). The 
development for s‘~° € {e,«, 1} should be discussed in detail. 


The norms N,,, Nxs and Ng, are principal norms of reflecting doxatons 
which start their development in the states €, « and 6, respectively. 


If the initial state of a doxaton is € or k and the norms N,, and Nx» are 
applied in the forms € > z and Kk > 4, respectively, the doxaton does not 
change its state, i.e. for any t > 0, s‘ =€ or «. The irreversible transitions 
« — and « — 6 happen when. > € and «x > 6. After that the doxaton 
will be in states 4 or 6 forever. Duplet {6,.} results from the composition 
BO py. 

Therefore, a non-normalized reflecting doxaton chooses one of these 
states with the same probability when it starts its development in the state 
p. The norm Ns, makes this initial state transition deterministic. The 
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doxaton takes state . if 6 > v, and it takes state 6 otherwise. The updated 
state is not changed in the development. 


4.5 Solutions of normalized doxatons 


To study how norms influence “globally connected”, well-stirred, collectives 
of doxatons we simulated mixtures of n = 50-300 doxatons for 104 x 5 x 104 
time steps. At every time step we randomly choose two doxatons x and y 
and update their states as z*t! — zt Oy y! and yt! ~— y'@yz". For every 
combination N of norms we calculate the dominating and becoming extinct 
doxastic states in 3 x 104 trials. For every state a € D the probability py (a) 
of state a to appear in the final configuration of an N-normalized doxaton 
pool is evaluated. 

We say that state a dominates if py(a) = maxgzpep{pn(b)}. For any 
combination N of the norms and any state a € D, we have the following: 
if a is a dominating state then py(a) > 0.4; for the majority of norms’ 
combinations 0.5 is obtained. 


In the mixed solution of normalized doxatons the state uw never domi- 
nates. 


The correspondence between norm combinations and dominating states 
is shown below: 










Dominate 






(K > d)A(u<K)A 
((e<e) V(e>sA((U>d)A(b >t) V (Ue <4))) 
(e>uL)A 
((u>d)A(b<s)V 
(K<d)A(u<K)A((u>d)A(6 >2) V (u < 4d))V 
(U< dA <t) A(u> &)) 
(u>K)A(d >t)V 
(K<d)A(u<K)A 
((U<dA(b>UV(E<L)A 
(> ds AO >) V(U<d)A(d <2t)))V 
(e<uAQU<d)A(6<t)A(u>k) 
(e<uA(U>dA(d<L)A 
((h < d)A(K > 5) A(p>x)) 
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The next sections deal with lattices of doxatons. 


4.6 Quiescent states and sets 


The state a is a quiescent state if f(a,a,a) =a. 


Every idempotent is a quiescent state but not every quiescent state is 
idempotent. 


The condition of idempotency is a Oy a = a, whereas the condition of 
quiescency is (a O@n a) Oy a = a. Thus, for example, if a@y a = b and 
b On a = a, then a is a quiescent state but not idempotent. The order of 
composition is exactly (a@@n a) Ona, because being in the state a a doxaton 
composes its state with the state of one of its two neighbors (both neighbors 
are in the state a). Then it changes its state to a®y a and composes the 
newly formed state with the state of another neighbor, which is also a. 


The states €, 6 and are quiescent states of a doxaton collective for any 
combination N of norms. The state « is a quiescent state if x > 6 and 
K > [. 


The states 6 and » are trivial quiescent states; they are also trivial 
idempotents: 6©6 = 6 andu@®u=ct. The state p is neither idempotent 
nor a quiescent state because uO pw = {6,1}, dO u=d andeO©p =e. The 
state € is idempotent if « > and it is a quiescent state anyway: 


e for € > 4 we have (€ Oy €) On € = € On € = € and 
e for e <u we have (€ On €-) ON €=LONE=E. 


Let us look at (k OK) ©. We see that KO « = {k, 6}; therefore, we need 
the norm « > 6 to make KOn K =k. If & > 6, then « is idempotent and 
a quiescent state. Let k < 6. Then (k On &) On K=OOn K= {p, kK}. To 
produce « we need to apply « > yu. In this case « is not idempotent but it 
is a quiescent state. 

A set S C D is called a quiescent set if f(y,z,z) =x for any z, y and 
z from S. The set {6,z} is a quiescent set, ie. quiescent independently of 
the norms. 


Set {x,¢} is a quiescent set of a doxaton collective for any combination 
N of norms except those including (k < 6) A(K < p). 
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4.7 On stable neighborhoods 


Let w = (bac) be a configuration of a neighborhood u(x) of a doxaton z. 
The neighborhood u(x) = (yxrz) consists of doxaton x (central element) 
and two immediate neighbors y, left neighbor, and z, right neighbor, of 
doxaton x. Then w is called C-stable if (an b) Onc = (@Onc) On b =a. 

It may be speculated that global stability of a doxaton collective directly 
depends on the number of C-stable configurations of a doxaton neighbor- 
hood. Simple calculations show the following. 


A collective of doxatons has a maximal number of C-stable configurations 
of a neighborhood if N = (k > 6)A(e>t)A(u >). 


A collective of doxatons has a minimal number of C-stable configurations 
of a neighborhood if N = (Km < d)A(e<t)A(p <4). 


The norm N,,, does not influence C-stability at all. 


4.8 Homogeneity of doxaton local functions 


We consider a static complexity of a doxaton system, derived from a dox- 
aton state-transition function. We do it with the help of a static parame- 
ter which reflects the homogeneity of the state-transition function. This 
parameter is similar to the parameter \ proposed in [Langton (1990)] for 
classification of cell state transition functions of one-dimensional cellular au- 
tomata. In his paper [Langton (1990)] Langton demonstrates that \ = 0.75 
produces maximal dynamical disorder and \ = 0.45 corresponds to pat- 
terns with particle-like behavior, i.e. non-trivial complex behavior. This 
last value of A is assumed to be critical [Langton (1990)] for the systems 
which implement a transition from order to chaos. It is also claimed that 
the increase of \ from 0 to 0.45 induces an increase in the complexity of 
cell state transition rules. 
Let N be given. Then for every element a € D we compute 


In(a) = Hw D: fw) = a} 
oe {wed} 


where for w = (wiw2w3) the expression f(w) = a means that (w; On 
w2) On w3 =a or (wi On W3) On We = a. In this manner every N can be 
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assigned a real number 


L(W) = dist ( (lv (4) tv(©s tar) tw ®)stw(O)s (3B 304 :)), 


5°5’°5'5’'5 
which is a distance between a position of the given doxaton system (normal- 
ized by the combination N of norms) in the five-dimensional simplex and 
the center of the simplex. The less L(N), the closer the given system resides 
to the center of the simplex and the more homogeneous is the local transi- 
tion function of the doxaton collective. With the help of this parameter we 
sub-divide all combinations of norms into the following classes: 


(1) Central (homogeneous): N = (kK > d)A(e >t) A(K > pw) A(u > 4), 
L(N) ~ 0.00077; 
(2) Nearly central (nearly homogeneous): 
eN=(k>d)Ale<s)A(Ur>dS AVEO >tA(K>p)orN=(K< 
d)A(e>t)A(u>d)A(6<t)A(K> p), LIN) = 0.07; 
eo N=(k>d)A(u>K)Alle >t) A(u> d)V(E<t)A(u> O)A(b > 
t)], LUN) = 0.08; 
eo N=(K>d)A(E>L)A(U<dA(F<t)A(u>k), LIN) © 0.09; 
e N= 
(K>d)A(U<d)A(6 >t) A(U>kK)V 
(K<d)A(u>d)A(6 >t A(U<k)V 
(e<uA(u>d)A(6<t)A(U<K)V 
(We >d)A(E<sA(U<d)A(O<UA(uU>&), 


L(N) = 0.12; 
eN=(K>d)Al(e<t)AU>d Ab <t)A(u>k), LIN) = 0.14; 
(3) Far from center (nearly heterogeneous): 
e N= 
(K>dA(U<d)A(O >t A(U<k)V 


(K>d AU<d AO <t)A(R<K)V 
(K< d)A(Ee>uA(U>d)A(b<t)A(u>h), 


(K< d)A(U<d)A(O<2)V 
(K<d)A(e<e)A(u>d)A(u>K)V 
(K<d)A(e>vA(U>d)A(E>LtA(uU>&), 
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L(N) = 0.20; 
© N=(k <5) A(u <6) A(6 >), L(N) © 0.22. 


4.9 Evolving from the homogeneous configurations 


A configuration of a doxaton lattice L is called a homogeneous configuration 
if all doxatons in the lattice take the same state a € D. We assume that 
the doxaton lattice is a torus. 


Any homogeneous configuration of a doxaton lattice remains homoge- 
neous in the course of development. 





Fig. 4.1. Graphs of global transitions between homogeneous configurations of a doxaton 
lattice. Non-labeled arcs represent unconditional transitions, i.e. those which happen 
for any combination of norms. 


All doxatons update their states in parallel. Let at the time step ¢ every 
doxaton x take the state x’ = «. The doxaton z calculates its next state 
as z't! = (r On y) Oz. That is, ct! = « if N = (« > 4) and xt+! = 6 if 
N =(k < 6). The norms are not changed in time; therefore, for any z € L 
we have x't? = « if N = (« > 6) and 2+? = 6 if N = (x < 6). If all 
doxatons initially take the state yz, then at the next step of development 
they take either the state 6, if N = (6 >t), or the state u, if N = (6 < 2). 
The doxatons do not change their states after that. This is because 6 and 
t are idempotents. Starting their development in the state €, the doxatons 
remain in the state «, if N = (e > c), or take the state v, if N = (e < 2). 
The graph of global transitions between the homogeneous configurations 
of a doxaton lattice is shown in Fig. 4.1; there we see that configurations 
6-+-6 and u---z are absorbing global states. The configuration p---p is a 
non-constructible configuration. 
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4.10 Fate of the singleton 


What happens with the doxaton lattice when all doxatons but a single 
one take the same state at the beginning of development? To answer the 
question, we analyze each of 20 initial configurations of a doxaton lattice 
of the form a---afa-:--a, B#a. 


4.10.1 Ignorant singleton 


The configuration 6---616---6 is a stationary configuration because {6,v} 
is a trivial quiescent set. 

The singleton in the state . keeps its state unchanged if it starts develop- 
ment in the lattice with other doxatons being in the state u. Other doxatons 
change their states either to 6, if N = (6 >), or tou, if N = (6 <x). At 
the second step of the development the lattice falls in one of the stationary 
states: either 6---616---6 or b-+-u. 


7 
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Fig. 4.2 Development of a doxaton lattice, which starts in the initial configuration 
€:+-eve:--e. The norm ¢€ <z is applied. The state ¢ is shown by dots. Time is arrowed 
top down. 


Outcomes of the initial configuration €---eve---€ are non-trivial. The 
doxaton lattice then finishes its development in the stationary homogeneous 
configuration €---¢ if N = (e > 2). However, for the norm N = (€ < t), a 
Pascal triangle is formed (Fig. 4.2). For N = (e < c) the state-transition 
rule of the doxaton can be represented as z't! = (xt + y' + 2*) mod 2, 
where the state 0 represents the state € and the state 1 represents the state 
t. The sub-algebra (@;e<.), {€,/}) is associative; therefore, the triangle is 
symmetrical because even a random choice of the composition order does 
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not influence the morphology of the growing pattern. 

If the singleton in the state 4 starts its development in the lattice of 
doxatons in the state « (the initial configuration K---Kim-++«), it may 
take either the state . or the state «. Depending on the norms applied, all 
other doxatons take one of the states of D but not the state 4. All doxatons, 
except the singleton and its immediate neighbors, take finally the state 6 if 
the norms are 


NS =(K<d)A(e>t)A(u>d)A(d>t)A(u> ak) 
NES =(K< OA > KAU < IA >A V(UE>SA(b >t) A(E<2)). 


In both cases the singleton takes the state 1. However, in the case of the 
norm Nj“, two immediate neighbors of the singleton take the state p. 
So, the initial configuration K--- «K++ is transformed to the stationary 
configuration 6---dpeud---6 if the norm Nf’* is applied, and to the sta- 
tionary configuration 6---41d---6 if the applied norm is Nf‘*. The lattice 
finishes its development in the stationary configurations K---KeK---« and 
K++ KUK-+-K if norms (K > 6) A(e >) and (K > 6) A(e <z) are employed. 
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Fig. 4.3 Development of a doxaton lattice, which starts in the initial configuration 
K++ KLK-++K. The norms (« < 6) A (u < «) are applied. The state « is shown by dots. 


The state 6 spreads outward from the singleton in the space-time config- 
uration (Fig. 4.3) when the norm combination is Nf“ = (K < 6)A(u < k); 
the singleton takes state « and remains in this state during its development. 
Because immediate neighbors of the singleton take the state 4, as the result 
of the composition (& Onge« L) Ong K = (K Ongex K) Ongu K = 6. A front 
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of the diffusion wave of the state 6 behaves irregularly. This is because the 
sub-algebra (Ons, {k, 5}) is not associative and the result of the doxaton 
state-transition function depends on the order of the state composition. In 
the case of norms 


(K< d)A(e>uA(u>d)A(6<t)A(u>k) 


the singleton takes the states . and e and its immediate neighbors take all 
the states of D except «. For all other combinations of norms all doxatons 
except the singleton and its immediate neighbors spend their development 
in the state 1; the singleton takes the state . or quasi-periodically chooses 
between the states . and e during the development. The immediate neigh- 
bors of the singleton take the state 6. 


4.10.2 Doubting singleton 


The configuration .---.dv---v is a stationary configuration because {6, c} is 
a trivial quiescent set. 

There are four possible successors of the initial configuration 
ji-++ wde+++ pt in the development of the doxaton lattice. 


(1) The lattice takes the stationary configuration v---vddde---e if 
N=(k<d)A(e<t)A(u <8). 


(2) The singleton started in the state 6 keeps this state forever and all other 
doxatons take the absorbing state « if 


N=((K>d)Al(e<sA(u<d)V(K<d)A(u < 4)). 


(3) The singleton keeps its state 6 forever, its immediate neighbors may 
take either the state v or the state 5 (because of the random order of 
the composition of neighbors) and all other doxatons take the state ¢ if 
the combination N of norms is 


(K>d)A(U<dA(U<yV(K<dAl(E>t AU <d)A(O <2). 


(4) For all other combinations of the norms the initial configuration 
p++ pou-+-p is transformed to the stationary configuration 6---6 at 
the first steps of the development. 


The initial configuration €---ede---¢ is transformed to the stationary 
configuration €---exe---¢ if the norm (K > 6) A(u > &) is applied or to the 
stationary configuration 6---6 if the norms are combined as 
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(a >d)A(e>vnA(U<d)A(u>k)V 
(6<d)A(e>t)A((U<K)V(U> kK) Au <)). 


All doxatons except the singleton and its immediate neighbors take state 
€ (and never change their states after that) if the norms 


(e>e)A(u>d)A(u>k) 


are applied; the singleton takes state yz: and its two immediate neighbors take 
states 4 and € chosen at random. It is typical for all other combinations 
of norms that diffusive waves of i-states are formed at the beginning of 
development. They are generated as the result of the composition (€ Ov 
€)On @ = 1 or (€ Oy @) OE = b, where a is either 6 or uw. Because of 
the random order of the composition of doxastic states, the “diffusing” 
state 4s may appear on both sides of the singleton at different steps of the 
development. Therefore, a triangle of i-states with unequal sides is formed. 
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Fig. 4.4 An example of the formation of a triangle bounded by t-states in development 
of a doxaton lattice. The initial configuration is «---¢de---¢. The norms (€ <1) A (p< 
6) A (uw > &) are applied to the doxaton lattice in this example. The states 6 are shown 
by dots. 


Inside the triangle doxatons update their states by the rule 
gt! = (y’+2'+2*) mod 2, 


where 0 stands for « and 1 stands for + (Fig. 4.4). In this situation, the 
singleton updates its state in the following manner. It takes the state py 
and remains in this state if the norms 


(e<s)A(u>d)A(u> &) 
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are employed. At every step of the development, the singleton chooses 
between either 6 and yu for the norms 


(e<t) A(u<d)A(u>k) 
or 6 and « for the norms 
(K<d)A(e<t)A(u<r). 


The initial configuration «---«Kd«K---« may be the precursor of several 
space-time configurations. The simple outcomes of the development include 
five types of final stationary configurations: 


‘4, if N=(k>d6)A(u <a); 

‘KOK: K, if N=(K>d)A(U<d)A(u> a); 
OiN=(K<O)A(U>K)A((U> SAE >)V(L< d)A(6 <2)); 
te---t, FN =(K <b) A(U>d)A(b <2); 

W6-+-dl---t, if N=(K<S)A(U<S)A(O<L)A(e>k). 
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Tn all these cases the doxaton lattice takes the stationary configuration at 
the first step of the development. The state 6 diffuses in the lattice if either 
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Fig. 4.5 Space-time development of a doxaton lattice, started in configuration 
k&+-+#0K---6. Norm combination (x > 6) A (u > 6) A(d < 4) A (pu > &) is applied 
to the lattice. 


norm 


(K>d)A(U>d)A(6<t)A(u>k) 
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or norm 
(K << d)A(u<k) 


is applied (Figs. 4.5 and 4.6). The diffusion wave front is marked by the 
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Fig. 4.6 Space-time development of a doxaton lattice, started in the configuration 
K+++KOK+++K. The combination (« < 46) A (u < «) of norms is applied. 


combination of 6- and p-states in the first case (Fig. 4.5) and it is uniform in 
the second case (Fig. 4.6). The random diffusion of the disordered mixture 
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Fig. 4.7 Space-time development of a doxaton lattice, started in the configuration 
K++ KOK---&; the norms (K > 6)A(e<t)A (pe > 5) A(d <4) A(u > &) are employed. 


of 6-and t-states is typical in the situation when the norms 


(K>d)Al(Ee<s)A(e> dA <tA(u>a) 
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are involved (Fig. 4.7). In this case the wave fronts consist of -, i-, u- and 
e-states. 


4.10.3 Delusional singleton 


Let initially all doxatons of the lattice take the state . except for a single 
doxaton x that takes the state ¢, ie. the initial configuration is u-++ver- ++ 4. 
Then the singleton remains in the state « forever. The state € spreads on 
the lattice: y’ =e ory’ =vift > |y—z|, andy’ =vift < [y—a|. Thus, the 
triangle of e-states is formed in the space-time configuration of the doxaton 
lattice. The internal morphology of the triangle can be of two types. 

If N = (e > ¢) then all doxatons inside the triangle take the state « 
(Fig. 4.8a). The states « and « form a Pascal-like triangle (Fig. 4.8a) if 
N = (e <1). The correctness can be easily checked by identifying the state 
€ with arithmetical 0 and the state » with 1. Then, taking into account the 
normative constraint, we find that doxaton z’s state-transition function can 
be represented as follows: 


i. jy-at-2? if N=(e> od), 
(yit+at+zt) mod2 if N=(e <2). 


Three of five possible scenarios of development of the doxaton lattice 
from the initial configuration «---Kex---« are quite trivial ones. The dox- 
aton lattice takes (before the fourth step of the development) one of three 
stationary configurations: 


Kee KeK kK if N=(K>6)V(K<d)A(U<-&), 
6-- bpopd-+-6 if N=(K<d)A(u>d)A(6<t)A(u>A&), 


6+--06---6 if N=(K<d)A(W<d)A(O >t) A(U>k). 


Two types of e-state triangles may be produced from the initial config- 
uration K---KeK---«. The “solid” triangle filled with e-states is generated 
in the space-time configuration (Fig. 4.9a) of the doxaton lattice if 


N=(kK <6) A(e>t)A(u>K) Ab <e). 
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The Pascal-like triangle (Fig. 4.9b) emerges when 


N=(K<d)A(e<t)A(b<t)A(u>a&). 


If doxaton x starts its development in the state € and all other doxatons 


of the lattice take the state 4, then the doxaton x takes the state . and 


will be in this state forever, whereas other doxatons will take the states of 


- yw is transformed 


* pep: 


either 6 or v. Namely, the initial configuration p-- 
to one of three stationary configurations: 


if N=(6>.2), 
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Fig. 4.9 Space-time configuration of the doxaton lattice, which starts its development 
in the initial configuration «---Kew---K. (a) N=(K< dO) Ale >uA(Ue>K)A(6 <2), 
(b) N=(K<d)A(E<t)A(6<t)A(u>&). The states ¢ are shown by dots. 


bere if N=(6<t)A(u> 9), 


b++-tdlde---t if N=(d<t)A(u< 6d). 


Most of the possible outcomes of the initial configuration 6---ded---6 
are quite trivial. Singleton x, which takes the state « at the beginning of 
development, finishes its development in state . or «. Namely, for the norm 
N = (u > 6) A (tu > &) the initial configuration 6---ded---d is changed 
into the stationary configuration 6---dwed---d, where all doxatons but 
the singleton x and its immediate neighbors are in state 6; the neighbors 
of the singleton take state y. If the norm 


N=(u<d)A(u>K)V(K<d)A(E <2) 
is applied to the composition of doxastic states, all doxatons but singleton 
x take state 6 after some initial period of perturbation; the singleton takes 


state v and keeps this state forever. For the norms 


(> d)A(e>rv)A(u<k) 
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and 
(K>d)A(e<s)A(u<r) 
the states « are generated at the beginning of development because 
(5 Quen €) Opncn € = (5 Quen 6) Open € = Kj 


the singleton itself remains in the state ¢€ in the first case and it takes the 
state 4 in the second case. The triangle filled with «-states is formed; for 
any yEL, y! =K ify Az and ly—2| <t. 
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Fig. 4.10 Tree of «-states emerging in the space-time configuration of a doxaton lattice. 
The initial configuration is 6---de5---6. The combination of the norms applied is (Kk < 
6) A (e > t) A (uw < &). Doxatons in state § are shown by dots. Branches of the tree 
terminate at first steps of development; however, an e-stem surrounded by an irregular 
shell of «-states persists. 


Application of the norm 
(K<d)A(e>t)A(u<ak) 


to the local transitions of doxatons causes trees of «-states to emerge 
(Fig. 4.10). 


4.10.4 Misbelieving singleton 


The configuration e---cpe---e is a stationary configuration in the develop- 
ment of a doxaton lattice for any combination N of the norms. 

The initial configuration 6---dy6---6 is transformed to the stationary 
configuration 6---dud---6, if N = (u > 4), or to the stationary configura- 
tion 6---6, if N = (pu >). 


134 Dynamics of Crowd-Minds 


The space-time development of the doxaton lattice from the initial con- 
figuration €--- ewe ---€ does not show any particularly interesting details. 
All those doxatons of the lattice that are not neighbors of the singleton, 
which starts its development in the state yz, remain in the state ¢ or take ei- 
ther the state € or the state v. Five possible scenarios can develop depending 
on the combination of norms. 


e The singleton remains in the state yu, its immediate neighbors take the 
states € and ¢ at random and all other doxatons stay in the state e¢ if 
the norms (€ >t) A (u > 6) are applied. 

e The singleton takes the states 6 and pu at random, its closest neighbors 
randomly choose between the states € and v and the rest of the lattice’s 
nodes remain in the state « for the combination (€ > 4) A(u < 6) A 
(u > «) of norms. The development becomes deterministic when the 
configuration €---edve---¢€ emerges; then immediate neighbors of the 
singleton take the state € and the singleton itself remains in the state 6. 
The emerging configuration €---¢de---€ remains stationary (Fig. 4.11). 


Fig. 4.11 “Stabilization” of the doxaton lattice. The lattice starts its development in 
the configuration €---ee---e. The norms (e > 2) A (u < 6) A(u > &) are applied. The 
state € is shown by dots. 


e For the combination of norms (€ > 2) A (u < 6) A (u < &) the doxaton 
lattice evolves towards the stationary configuration €---exe---€, where 
the singleton has the state « and all other doxatons remain in the state 
€. 

e If the norms (€ <4) A(u < 6) A(u < &) are applied the singleton takes 

the state « and does not change its state after that. Other doxatons 

take the states « and « in such a manner that a Pascal-triangle-like 
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structure is formed. 

e For all other combinations of norms the singleton remains in the state 
pt and a triangle disorderly bounded by u-states and filled with e- and 
t-states emerges in the space-time configuration. 


The initial configuration K---«uK---« is transformed to one of station- 
ary configurations K--+«, 6-+-d orz---d--+-de-++e, usually after a few steps 
of development, if norms 


(6 >6)A(u<d)A(u <r), 


(K <d)A(6>t)A(u>&) 
or 
(Ke <d)A(d <t)A(u>&) 


are applied, respectively. The singleton in state yu is a source of random 
diffusion of states 6 when either norm 


(K<d)A(u>d)A(u <r) 
or norm 
(K<d) AQ <d)A(<k) 


is employed. In the first case the singleton keeps its initial state pu 
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Fig. 4.12 Space-time development of a doxaton lattice from the initial configuration 
K++ KuK-+-«. Norms (K < 6) A(p > 5) A (pu < &) are applied. State « is shown by dots. 
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(Fig. 4.12); in the second case the singleton changes from state py to state 


1 





MAMAN! MAMA! AAG: MAaMnn - 





MAMUMAMNAAAAHAMG: + + 
MAMMA * OH + 
PMWM MH OHO MO 
MAM+s MAMAN: HO: 


6 
6 
6 
6 
6 
6 





Fig. 4.13 Space-time development of a doxaton lattice from the initial configuration 
Kes KK: ++ K. Norms (kK < 6) A(u <6) A(u < «) are applied. State « is shown by dots. 


6 or & (Fig. 4.13). State y. generates waves of diffusion of 6-states if norms 
(a >d)A(d>t)A(uU>k) 


are applied to the composition of doxastic states. A wave front has an 
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Fig. 4.14 Space-time development of a doxaton lattice developing from the initial con- 
figuration &---KpK---«. Norms (K < 6) A (u < 6) A(u < &) are applied. State « is 
shown by dots. 


irregular shape and doxatons being at boundaries between 6-filled and x- 
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filled domains choose between the states yz and 6 at random (Fig. 4.14). A 
singleton remains in the state yu for norms 


(K<d)A(u>d)A(u <a) 
and 
(K>d)A(w<K)A(u>d). 


However, when the last combination of norms is involved, two immediate 
neighbors of the singleton take states « and 6 at random and all other 
doxatons of the lattice take state «. That is, the configuration 


K+ Kop BK: ++ K, 


where a and { equal « or 6 equiprobably, emerges in the development. 

For other combinations of norms, the space-time configurations of the 
doxaton lattice are strictly determined by events that happen at the be- 
ginning of development, namely by the order in which neighbors of the 
singleton compose the doxastic state of the singleton with their doxastic 
states and states of their neighbors. A few examples of such developments 
are shown in Fig. 4.15. 


4.10.5 Singleton that knows 


For any combination of norms, the singleton x in the «-state in the lattice 
of the e-states (initial configuration v---eKe---+) generates diffusion waves 
of e-states. Therefore, a typical triangle bounded by e-states is formed: 
for any y € L we have y’ =cvift < |y—al, y’ =e ift = |y—z|. The 
development of the singleton x goes by one of the following scenarios: 


e the singleton remains in the state « forever if the norms are 
N= fe > A(K>5)V(K<d)A(U<&)) 
or 
No = ((e<s)A((K>6)V(K< 5) A(U <&)), 
e the singleton implements the transitions 
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-«. The following combinations of norms are employed: (a) (« > 6) A (e > 


NA(U> SAE <A>), (OF) (KR > AINA > ADAGE <uAle<e)A(u>«) and 


(c) (K>d)AQU<dA(5 <t)A(u>k). 


Fig. 4.15 Space-time development of a doxaton lattice from the configuration 
‘KEK: 


Kee 
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and stays in the state 6 after that if the state transitions are governed 
by the norms 


N3=((K <d)A(e>t)A(uU<d)A(u>k), 


e the singleton changes its state to u and does not change this state any 
more if 


Na=(K<d)A(Ee>NA(U>dAUW<k) 
or 
Ns =(kK< dO) A(e<t)A(u>d)A(u>a&), 


e the singleton takes either state uz or state 6 at random during the de- 
velopment if 


Ne =(K< d)A(Ee<tA(w<d)A(u>&). 


The triangle in the space-time configuration is filled with e-states for the 
norms N,, N3 and N4. 
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Fig. 4.16 Space-time development of a doxaton lattice from the initial configuration 
b+++tKL-++t; norms N4 = (« <6) A(e>24)A(u > 6) A (pu < «)) are applied. States c are 
shown by dots. 


When norm N4 is applied to the lattice, closest neighbors of the single- 
ton take either state or state € at random (Fig. 4.16) due to the random 
composition of neighbor states in the transition rule: (« On, 4) On, € = € 
and (€ On, €) On, = t. Doxatons inside the triangle take their states as 
follows: 
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e the triangle is filled with e-states: for any y, y’ = € if |y—2| <t and 
Nj, N3 and Ng (ly — z| > 1) (see e.g. Fig. 4.16), 

e the distribution of e- and t-states inside the triangle is similar to a 
Pascal triangle, 
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Fig. 4.17 Space-time development of a doxaton lattice from the initial configuration 
b++-eKe++-t; norms Ng = (K < 6) A(€e <2) A(u < 6) A (u > &) are applied. States « are 
shown by dots. 


e the distribution of e- and c-states inside the triangle is randomized (see 
e.g. Fig. 4.17). 


If singleton x starts its development in state « in a lattice of doxatons in 
state 6 (initial configuration 6---6«6---6), the following possible scenarios 
of lattice development may unfold. If norm (K > 5) A (u < &) is applied 
then state « diffuses on the lattice; as a result all doxatons of the lattice 
take state x. Two immediate neighbors of the singleton x take the state 
ps at the first step of development and remain in this state forever if (u > 
«)A( > 6); in this case, the singleton takes the state 6 and does not change 
it. Therefore, we obtain the stationary configuration 6---dudud---d. For 
all other combinations of norms the lattice of doxatons takes, after a few 
time steps, the stationary state 6---6. In some cases, for example for the 


Fig. 4.18 Example of diffusion of state «. The states 6 are shown by dots. 
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norms 
(K<d)N(E<v)A(UL<d)A(E <t)A(U<n), 


a small tree of x-states emerges but then quickly disappears (Fig. 4.18). 

Let a doxaton lattice start its development in the configuration 
€++-exe---€. Then the lattice takes, after a few steps of the development, 
the stationary configuration €---ede-+-¢€ or €---exe---€ if combinations of 
norms 


(K<d)A(e>t)A(u<d)A(u>k) 
or 
(n> d5)V((K< 5d) A(u<k)) 
are applied, respectively. In the situation when norms 
(K<d)A(e >t) A(u>d)A(u>&) 


are applied the singleton takes the state y (and stays in this state forever); 
the immediate neighbors of the singleton take the states e and 1, chosen 
at random; the rest of the doxatons remain in the state «. The singleton 
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Fig. 4.19 Space-time development of a doxaton lattice normalized by (« < 6) A(e< 
t)A(u > 6)A(u >). The lattice starts its development in state €---exe---¢. States € 
are shown by dots. 


takes state 4 and generates waves of e-states (Fig. 4.19) if doxatons obey 
the norms 


(K< d)A(e<t)A(u>d)A(u>&). 
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The remaining combination of norms, namely 
(K<d)A(Ee<t)A(u<d)A(u>&), 


enforces doxatons to choose between the states 6 and yp irregularly, and 
causes state 4 to spread from the singleton to other doxatons. The space— 
time structure of the i-state triangle is similar to that shown in Fig. 4.19. 

The development from the initial configuration w---uKu---p is ex- 
tremely sensitive to norms applied to the doxastic composition. We found 
at least 14 different ways of the development; we consider here just a few 
basic ones. 

The doxaton lattice takes the stationary configuration 6.--6 after a few 
steps of its development if the following combination of norms is applied: 


(K>d)A(U>d) A <i AQU>K)A(K< OA 
A((u> dsA(d >t A(U<K)V(U<d)A(5 <2)). 


If doxatons obey the norms 
(K>d)A(e>t)A(d<tA(u<ak) 


the singleton x, which starts its development in the state «, keeps its state; 
some of the singleton’s neighbors can take the state « as well. Since the 
beginning of development the state € diffuses on the doxaton lattice. There- 
fore, a triangle filled with e-states is formed: for every y we have y’ = ¢ if 
y #2 and |y—2| <¢. For norms 


(K >d)A(6 >t) AU <k) 


all doxatons, apart from the singleton x, take the state 6 during the first 
steps of development. They remain in their states. However, state « diffuses 
from the singleton. A triangle of «-states (for every y we have y’ = « if 
ly - 2| < ¢) emerges in the space-time configuration of the doxaton lattice. 
In a finite lattice every doxaton takes state « eventually. For the norm 
combination 


(u>d)A(6>t)A(u>&) 


the development can take two routes: the initial configuration 
jo-++pkKu-+- yw is transformed to the stationary configuration 6---dud---6 
or 6-+-dudu6---d. In the first case the singleton x takes state p and re- 
mains in this state. In the second case the singleton takes state 6 and its 
immediate neighbors take state y. All other doxatons of the lattice remain 
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in state 6. State ¢ diffuses from the singleton x if doxatons are normalized 
by either 


(K< bd) A(Ee>YA(U<d)A(6 <2) 
(K<d)A(E<t)A(u>d)A(b<t)A(u>n&). 


In both cases all doxatons but the singleton take the state « at the first step 
of the development. In the first case the singleton continues its development 
in state 6. In the second case the singleton x takes state yu. For all other 
combinations of norms the singleton takes either state 6 or state yu, or 
chooses between states « and 6 or between pz and 6 at random. State ¢ 
diffuses on the lattice of doxatons, which takes state at the first step of 
the development. A triangle, bounded by the state ¢€, is formed in the 
space-time configuration of the doxaton lattice. Any doxaton y inside this 
triangle |y — z| < t takes states « and u at random. 


4.11 Evolving from the random configuration 


In this section we discuss results of computer experiments with one- 
dimensional lattices of doxatons. In every trial the collective of doxatons 
starts its development in a random configuration, i.e. initially every dox- 
aton takes one of the doxastic states of D with probability z We exper- 
imented with a lattice of 300 doxatons with periodic boundary conditions 
and evolved the lattices in 2000 time steps. Results are averaged in 100 
trials for every combination N of the norms. At the beginning of the devel- 
opment all doxastic states are represented equally; hence, during the course 
of the development not all of them survive. 


States y, 6 and e become extinct in the development of a doxaton lattice 
ifK>d,e>4,u>dandu<k. 


In these conditions, states « and ¢ are represented in the final configu- 
rations of doxaton lattices with probabilities 0.6 and 0.4, respectively. 


States u and 6 become extinct in the development of doxaton lattices if 
K>d,e<4,u<dandu<. 


In these conditions, states «, € and s can be found in the final configura- 
tions of doxaton lattices with probabilities 0.55, 0.25 and 0.2, respectively. 
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Moreover, we can build a correspondence between norms applied to 
doxaton collectives and states which become extinct in the development of 
normalized doxaton lattices. The correspondence between the norms and 
extinction of doxastic states is shown below: 


N Extinct state 
(K<d)A(K <p) 
(K <d)A(e<t)A(u>k) 
(e>uA(U<d)A(u<&) 

(u<K)A(u <6) 
(6 >d)A(u<d)A(u<k) 






arr nm 


We say that state a dominates in the development of a doxaton lattice 
if it has maximal probability of occurrence in the final configurations of 
doxaton collectives. 


State u never dominates. It becomes extinct in the development of 
normalized doxaton collectives for any combination N of norms. 


The correspondence between the norms and dominating doxastic states 
is shown below: 


Dominate 











(n> d)A(u<K)A 
(e>nA(u>d Ab >t) V( < d))V 
(K>u)((K> 5d) A(e<t)V(K<d)A(e >t A(b>p)) 
(Ee >L)A 
((u > d)A(6 <e)V 
(u<d)A(O<t)A(ue>K)V 
(u > 6) A(6 > 4) A(u< k)) 
(K>d)A(E>vA(U>d)A(O>L)A(U> KV 
(Ke >d)A(U<d)A(E>Lt)A(U>AK)V 
(6 <d)A(e>“A(u<d)A(u>k)V 
(K<d)A(E<LyA(u<d)A(6>2)V 
(K<d)A(e<u)A 
(u<K)A((U>d)A(b > V (<5) A(6 <2)) 
(K>d)A(e<t)A(u>&)V 
(K<d)A(e<ujA 
(u>kK)V(E>dA(E<2JA 
(u<k))V(U>K)A((K <9) 
A(e >t) A(u > 6)A (6 >4)) 
V(K > d)A(e<t) A(w<d)A(b <2)) 
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4.12 Consequences of normalization 


In this chapter we looked at doxastic developments in collectives of 
automaton-like agents constrained by norms, i.e. reductions of possible 
outcomes of state updates aimed to achieve deterministic transitions. We 
provide a range of formal findings and phenomena of space-time and global 
behavior of normalized doxatons; finally, we will try to give some informal 
interpretations of them. 

We call a doxastic state passive if agents in this state do not influence 
the development of their neighbors. A state is intrinsically passive if an 
agent, isolated from other agents, does not change its state when reflecting 
about its doxastic inner. 


e Ignorance is passive in any world. 

e Doubt becomes passive when knowledge and misbelief dominate 
doubt and delusion dominates ignorance. 

e All doxastic states but misbelief are intrinsically passive when knowl- 
edge dominates doubt and delusion dominates ignorance. 

e Knowledge, doubt and ignorance are intrinsically passive only when 
knowledge dominates doubt and ignorance dominates delusion. 

e Delusion, doubt and ignorance are only intrinsically passive when 
doubt dominates knowledge and delusion dominates ignorance. 

e Doubt and ignorance are only intrinsically passive if doubt dominates 
knowledge and ignorance dominates delusion. 


We say that a state of an agent collective is global if all agents of the 
collective take the same doxastic state; thus, for example, we can talk about 
global knowledge, belief, etc. 


e Global misbelief cannot be reached in the development of an agent 
collective. 

e Once a doxastic medium gets into global ignorance or doubt it re- 
mains there forever. 

e Global knowledge and global ignorance are norm sensitive. 

e Norms regulating relations between knowledge and doubt, delusion 
and ignorance, and misbelief and doubt determine the stability of 
an agent collective. Maximal stability is achieved when knowledge 
and misbelief dominate doubt and delusion dominates ignorance. 

e Only norms regulating relations between knowledge and doubt, and 
between delusion and ignorance, determine the behavior of reflecting 
agents. 
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A state is called a generative doxastic state if, when composed with itself 
and all products of the composition and with products of their products 
and so on, it generates all possible doxastic states. 


Doubt 
fo o\ 


Ignorance —-_----—-- Knowledge ———-—— Delusion 


Xe | 


Fig. 4.20 Quadruple of generative triples of doxastic states. The triples are labeled 
from A to D. 


e Knowledge is a minimal generative doxastic state when it is domi- 
nated by doubt and misbelief, and ignorance dominates doubt. 

e A quadruple (see Fig. 4.20) of generative triples of doxastic states is 
formed when misbelief dominates knowledge, knowledge dominates 
doubt and doubt dominates ignorance. 


Relations between knowledge and misbelief and between doubt and ig- 
norance are crucial in doxastic systems. Thus, when doubt dominates ig- 
norance, doxastic states are sub-divided into two components: the first 
includes knowledge, doubt and misbelief; the second is formed of ignorance 
and delusion. 


e Misbelief never prevails in the development of mixed collectives of 
doxatons, where no topological order on doxatons is applied. 

e Entirely delusive, doubting or ignorant collectives never stay in their 
initial states. 

e A stirred collective of doxatons, being initially in a state of global 
knowledge, remains in its initial state forever if knowledge dominates 
doubt and misbelief. 

e If only doubting and ignorant doxatons are represented in the initial 
configuration of a doxaton stirred solution and knowledge dominates 
doubt and misbelief, then no other doxastic states are generated. 
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The uniformity is preserved in doxaton development: any uniform con- 
figuration of a doxaton collective remains uniform in the development. 


Knowledge Misbelief Delusion 


a 


Doubt Ignorance 


Fig. 4.21 State flows between uniform states. 


Basic transitions between uniform collectives of doxatons are shown in 
Fig. 4.21. Entirely misbelieving doxatons as a source in the flow diagram 
(Fig. 4.21): the global state of misbelief is changed to either global doubt 
or global ignorance. The entirely doubting or ignorant collectives are sinks 
in the diagram (Fig. 4.21). 

A situation when all agents but one have the same doxastic state and 
the singleton has a different state is very amusing. Thus, for example, 
the singleton keeps its initial state while the rest of the doxaton lattice 
falls in a stationary configuration after a few steps of the development. 
Alternatively, the doxastic state of the singleton spreads on the doxaton 
lattice and interacts with states of other doxatons in such a manner that a 
complex structure is formed. There may be variations in states of a diffusive 
wave front and “coupling coefficients”. Let us consider some examples of 
these dynamics. 

Ignorance plays a role of a wave generator in an ocean of delusion. Igno- 
rance spreads in a doxaton lattice and every ignorant doxaton transfers its 
state to its neighbors; hence it may become delusional after that. There- 
fore, a Pascal-triangle-like structure is formed of ignorance and delusion. 
The situation becomes different when ignorance is “injected” in an ocean 
of knowledge and such norms are imposed that knowledge dominates mis- 
belief and is itself dominated by doubt. In this case an ignorant singleton 
irreversibly becomes delusive. At the same time delusion generates waves 
of doubt. The doubt diffuses; however, it does not occupy the entire collec- 
tive because of weak coupling (caused by specifics of norms) between the 
doxatons. 

Starting its development in an ocean of delusion, doubt does not spread 
in the collective but remains localized; the doubt can be changed to misbe- 
lief and then reverse back. After a few steps of the collective’s development 
ignorance starts to spread in the collective; it forms a disorganized struc- 
ture ornamented by delusion. This happens when ignorance dominates 
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delusion, doubt dominates misbelief and misbelief dominates knowledge in 
a normalized composition of doxastic states. 

Doubt dropped in an ocean of knowledge generates diffusion waves. 
However, the phenomenology of diffusion depends on a particular struc- 
ture of the normalization. Doubt diffuses and eventually fills the doxaton 
collective for most norms; however, a diffusive wave front comprises both 
doubt and misbelief when doubt is dominated by knowledge, misbelief and 
ignorance, and knowledge is dominated by misbelief. Doubt weakly diffuses 
when knowledge is dominated by doubt and dominates misbelief; no other 
states but doubt diffuse in this case. If knowledge and doubt are dominated 
by misbelief, knowledge dominates doubt, doubt dominates ignorance and 
delusion is dominated by ignorance a mixture of delusion and ignorance 
diffuses in an ocean of knowledge. There, the diffusive wave front consists 
of doubt and misbelief. Eventually, the mixture of delusion and ignorance 
occupies all entities of the doxaton collective. 

Delusion does not diffuse in an ocean of doubt but does not annihilate 
either. Moreover, from time to time, during the collective’s development 
waves of knowledge are generated by delusion. Knowledge spreads along 
the collective for a short distance and vanishes after a few steps of de- 
velopment. This happens when doubt dominates knowledge, knowledge 
dominates misbelief and ignorance is dominated by delusion. 

Misbelief reacts with delusion quite simply. No states diffuse. How- 
ever, misbelief may be changed to doubt and back to misbelief (with small 
sparks of ignorance) when delusion dominates ignorance, doubt dominates 
misbelief and misbelief dominates knowledge. In most other cases of nor- 
malization, doubt diffuses in the collective from a misbelieving doxaton. 

What about knowledge? When injected in an ocean of one of the dox- 
astic states knowledge either disappears, as e.g. when ignorance dominates 
doubt and delusion, doubt dominates knowledge and misbelief and know}- 
edge dominate misbelief; or, knowledge is changed to doubt and misbelief. 
The knowledge generates diffusing delusion when it is injected in an ocean 
of ignorance and doubt dominates misbelief and knowledge, misbelief dom- 
inates knowledge and delusion is dominated by ignorance. Alternatively, 
knowledge initiates diffusion of ignorance when injected in an ocean of 
delusion and misbelief dominates both doubt and knowledge and doubt 
dominates knowledge. 

Let us now consider a random initial configuration of doxaton collec- 
tives. We assume that at the beginning of development every doxastic state 
can be found in a doxaton collective with the same probability 0.2. In these 
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conditions, misbelief, doubt and ignorance are absorbed by other doxastic 
states if knowledge dominates misbelief and doubt, misbelief dominates 
doubt and delusion dominates ignorance. To exterminate misbelief and 
doubt, we must apply such combinations of norms that knowledge domi- 
nates doubt and misbelief, misbelief is dominated by doubt and ignorance 
dominates delusion. 


Extincting state 
Knowledge Delusion Misbelief Doubt. Ignorance 


Knowledge ° 


——__ 


Delusion e e e e e 

Misbelief \ \" e e ° 
) } ft) 

Doubt ° ° ° e ° 

Ignorance e e ° e e 


Fig. 4.22 Domination relations leading to extinction of doxastic states. 


The knowledge becomes extinct if it is dominated by doubt and misbe- 
lief. The delusion vanishes if it is dominated by ignorance and knowledge 
is dominated by doubt and misbelief. Misbelief can not be found in the 
development only if it is dominated by knowledge and doubt. The situ- 
ation with doubt is intriguing. Doubt becomes extinct if it is dominated 
by knowledge, dominates misbelief and knowledge dominates misbelief. A 
graphical representation of the relation between domination and extinction 
is shown in Fig. 4.22. 

A couple of interesting consequences of computer simulations could be 
mentioned separately. 


e No combination of norms allows a doxaton medium to develop from 
an arbitrary initial state to a state of global knowledge. 

e No combination of norms supports mixed equilibrium where all dox- 
astic states are nearly equally represented during development of a 
doxaton collective. 
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One very interesting problem is not tackled in our chapter: coupled 
development of doxatons and norms. A coupled system of doxatons and 
norms can be represented as two such networks of finite automata such that 
automata of the first network take doxastic states and a state of an automa- 
ton of the second network is a combination of norms. Automata of both 
networks may change their states depending on states of their neighbors in 
their primary network, either a doxastic network or a norm network, and 
states of one or more automata in another network. That is, not only dox- 
astic states but also norms can diffuse on doxaton lattices and interact one 
with another. This idea is fresh but not novel. There are some previously 
published results where norms are thought of as diffusing substances; see 
e.g. [Castelfranchi et. al (1998)]. Norms diffusion per se happens because of 
recognition of norms and possibly even active defense of norms by agents. 
Thus, Castelfranci et al. simulated multi-agent societies to analyze effects of 
norms in populations of normatively believable agents [Castelfranchi et. al 
(1998)] which search for food in a discrete space (in this model norms play 
a role of an aggression inhibitor). 

Norms may also actively interact and “co-evolve” with their sub- 
jects [Axelrod (1986)]. Thus, initial conditions of a multi-agent system 
and drastic transitions in global state space may lead to irrational accep- 
tance or rejection of certain norms [Conlisk et. al (1997)]. Moreover, norms 
themselves may compete for their subjects, as soon as norms may be seen 
as memes. 

In addition, when thinking about coupled development of norms and 
doxatons, we may employ the fifth intuition of norm formalization by 
Valente and Breuker [Valente and Breuker (1994)]. This intuition states 
that conflicts between norms are solved by assigning priorities between the 
norms, where some norms can win over other norms. 


Chapter 5 


Dynamically Non-trivial Logics 


In this book we study dynamical properties of crowded minds. We have 
already discussed in previous chapters how a crowded environment causes a 
rise of irrationality and non-sense and thus emergence of non-trivial spatio- 
temporal behavior. Is there any logic behind complex structures of crowded 
minds? As Moscovici [Moscovici (1985)] wrote: 


“Crowds are composed of normal people, relatively stable people ...— 
except that once they form a crowd such people feel, think, and be- 
have differently. They move in a different mental universe with its own 
peculiar logic.” 


In this chapter we will try to derive logical systems —- by studying them 
as bulk media of abstract chemical mixtures — which behave non-trivially 
from a dynamical point of view. In these abstract logical reactors logical 
variables are represented by chemical species and logical connectives play 
a role of catalysts in chemical reactions. This approach is inspired by and 
is partly based on advances in physics of mentality, complex dynamics of 
logic networks and chemistry. While artificial chemistry was tackled in the 
first chapter of the book, a few words should be said here about logical 
networks. 

Logical networks, together with their automaton models, were firstly 
introduced in the 1940s as McCullock-Pitts neurons [McCullock and Pitts 
(1943)] but soon were absorbed by the fast-growing field of artificial neural 
networks. In the 1960s logical networks got a new lease of life with the 
introduction of Kauffman networks — a random Boolean network, where 
nodes are Boolean logical functions, chosen at random, with arguments be- 
ing Boolean states of the node’s neighbors in the network [Kauffman (1969); 
Kauffman (1993); Derrida and Pomeau (1986)]._ These models were 
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readily adopted in biology as formal representations of gene-control net- 
works [Kauffman (1969); Kauffman (1993)], statistical physics as models of 
disorganized systems [Derrida and Pomeau (1986); Derrida (1987)] and cog- 
nitive sciences as models of memory and consciousness [Wuensche (1994); 
Wuensche (1996)]. Usually, models of random Boolean networks employ 
only classical logic and quite a few operators. There are a couple of more 
advanced constructs to mention. The first is a Boolean network with AND— 
NOT gates studied in [Goles and Hernandez (2000)], where several interest- 
ing results on lengths of the network’s transient periods are discussed. The 
second example concerns three-valued logical networks discussed in [Volker 
and Conrad (1998)], where Volker and Conrad studied three-valued net- 
works with dual dynamics of weak and strong interactions and provided a 
classification of the network global dynamics, e.g. transient periods, num- 
ber of attractors and architecture of attraction basins. 

Are there any other ways to simulate a bulk-medium system, where 
local rules of the medium’s elements’ interactions are governed by logical 
connectives? The most reasonable, but still not yet too common, way is 
to represent logical variables as molecules of some chemical reactants and 
assume that reactions between the chemical species are governed by truth 
tables of the logical connectives. 


5.1 Artificial chemistry of logics: the model 


Consider a dynamic of massive collectives of very simple entities, which 
interact’ with each other and update their finite states depending on 
states of their neighbors using logical connectives. There are three 
types of molecules in the studied reactors; each type represents, when 
interpreted in a framework of multiple-valued logics [Rescher (1969); 
Bole and Borowik (1992)], a certain logical value: TRUE (T’), FALSE (F) 
and NON-SENSE/UNCERTAIN/UNDEFINED (*). These logical values corre- 
spond to three chemical species. There are also molecules of a catalyst 0, 
which represents a logical connective. When a certain number of molecules, 
including the catalyst, interact they undergo a chemical reaction and may 
change their types. A chemical reaction derived from truth tables of a 
three-valued logic connective > can be represented as 


ad + ys kpp re BOt+ > kyr, 


pe{T,F,*} ré{T,F,*} 
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where a, 8, kp and k, are numbers of molecules involved in the reaction. 
We assume that the catalyst > regenerates, a = @ — its concentration 
is kept constant during development of the logical mixture — therefore, 
we do not include ¢ explicitly in graphical representations of reactions. 
Values of reaction rates are also assumed to be constant and the same for 
all reactions. 

We will discuss dynamics of logic-based artificial-chemical systems in 
stirred and thin-layer non-stirred reactors. In a stirred reactor no spatial 
order on interaction of molecules is imposed and the probability that two 
molecules meet does not depend on the distance between the molecules. 
To simulate the stirred reactor we select two or more molecules at random, 
put them into the reaction and calculate what species are produced as a 
result of this interaction; then the next pair of molecules is chosen, and so 
on. In computer simulation we represent a reaction mixture as an array x 
of molecules; at each step of the mixture development we choose at random 
two elements 2; and x; of the array and update them as follows: 2; — 1,42; 
and x; «~ x; + 2;; i.e. new values of the variables x; and 2x; are calculated 
as x;0z,; and x;z;. This very simple and fast simulation produces results 
comparable — at least, in our “simplistic” conditions without reaction rates 
and other parameters — to those obtained in rather more reality-concerned 
packages, like the chemical kinetics simulator {CKS]. 

In a thin-layer, or non-stirred, reactor molecules interact locally. We 
assume that they do not move at all but form a molecular film or an array; 
thus, only geographically neighboring species do react one with another. 
An array of diffusion-coupled chemical micro-volumes is another interpre- 
tation of a thin-layer reaction. For all cases a cellular-automaton model 
would be appropriate. We simulate a non-stirred chemical reactor as a one- 
dimensional cellular automaton of n cells. Each cell 2;, i = 1,...,n, takes 
states from set {F',T,*} and updates its states in discrete time by the rule 


t+1 .. Wt t 
Up = Tj_yO@i4 1. 


5.2 Non-trivially behaving systems 


In our search for logics that could exhibit non-trivial space-time dynamics 
we adopt the Bergstra~Bethke-Rodenburg [Bergstra et. al (1995)] approach 
of systematic construction of three-valued logics. We start our experiments 
with nine possible logics described by negation, 4, and conjunction, A, 
which satisfy the following conditions: 
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a double-negation principle holds, 

every logical value is idempotent (x \z = 2), 

A is commutative (x Ay = y Az) and 

sub-algebra (7, A, {T, F}) represents Boolean logic. 


We slightly relaxed the original constraints of [Bergstra et. al (1995)] and 
abolished two conditions — T being a unit for * and * AF # T. So, 
connectives — and A have the following truth tables: 


T|F 
FIT 


* | * 


(5.1) 





where T, F and * are-TRUE, FALSE and NON-SENSE, and a,b € {T,F,*}. 
Further in the chapter we encode possible logical systems by tuples (ab), 
where TA*=*AT=aand FAx=*AF=b. 

What is the meaning of *? In Lukasiewicz logic * might mean “possible” 
or “not yet determined” {Lukasiewicz (1920)]; in Belnap logic * can be seen 
as an indication of “inassertive” [Belnap (1977); Bergstra et. al (1995)]; in 
Bochvar logic * stands for “paradoxical” or “meaningless” [Bochvar (1939)]; 
in Kleene logic * is considered as “indeterminate” [Kleene (1938)]; or * may 
be interpreted as “illegal” and “unacceptable” in logical programming, see 
e.g. [Nota et. al (1993)]. 

Our main objective is to find behaviorally “interesting” logics, that de- 
termine rules of local behavior of non-linear discrete medium systems, which 
exhibit non-trivial space-time dynamics. At first we will search for non- 
trivially behaving logical chemical systems in a stirred reactor. 

Let a stirred reactor p(A, (ab)) start its development with a mixture of 
reactants T, F and +, all in the same concentration. Chemical reactions 
are derived from the A-table. Because x A xz = x for any x we assume that 
molecules of reagent x do not react with each other, and thus non-diagonal 
entries of A-table determine the reaction r+y'> 2xAy. A global behavior 
of a stirred reactor can be described by a matrix M = M,», a,b =T, F,*, 
where 


e Ma € {T, F, +, } if a stirred reactor, reactions in which are determined 
by the A-table of the logic (ab), starts its development with a mixture 
of all three reactants — T, F and * (all in the same concentration) 
— but finishes its development with a “pure solution” of one (and the 
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same in every trial) of the reactants from {T, F, *}; 


e M.» = © if (in the same initial conditions) the reactor either does 
not finish its development with a pure mixture of the same reagent, 
i.e. exhibits a bifurcation in its dynamic, or at least two reactants are 
present in the reactor for an indefinitely long time. 


Let p(A, (ab)) be a chemical reactor, in which reactions are determined 
by connective A. Let the reactor start its evolution with a mixture of 
three reactants T, F and *, each one in the same concentration; then 
outcomes of the reactor’s global evolution are completely characterized 
by the matrix 


FF© 
M=|FF * 
© F x 


We have M,y = F if a # * and b # * because, for any composition 
aba graph of chemical reactions, determined by logic (ab), a,b # +, is as 
follows: 


* 


yoN 





T F 


Edge T — F of the graph is obligatory, and either of edges * — T and 
* —+ F or both represent a certain part of the chemical reactions. There 
is only one sink node F. Therefore, independently of what the ratio of 
reactants in the initial mixture is, the reactor develops a solution of the 
only reactant F’. 

Logic (JF) determines a reaction T+F+% — 2F+T. Reactant * is not 
produced in the reactions; thus, assuming that there is no external supply, 
the reactant is completely exhausted soon after the start of an experiment. 
Then, only the reaction T + F — 2F will take place. 

From reaction equations of chemical systems generated by logics (F) 
and (*F): T+F+* >2F ++ andT+F+4*— 2F +4, we see that the 
reactant T' is not produced but only consumed in the reactor. To check what 
happens in the reactor when T has gone one could consider the elementary 
binary reactions F+%* — * (in reactor p(A, (F*))) and F+* — F (in reactor 
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p(A, (*F))). When these reactions take place and a mixture develops, the 
reactors will be filled with solutions of * and F reactants, respectively. 

Evolution of reactor p(A, (**)) is governed by the following set of ele- 
mentary reactions: T+ F > F,T+%*— * and F++* — x with the reaction 
network 


Pa 





T F 


The dynamic of reactor p(A, (T*)), with elementary reactions T+ F > 
F,T+*—T and F ++ — +, can be described by the following differential 
equations: 

Lr = <7(L. — Lp), 
Ip = &Up(ILT — Tx), 
£, = 2,(2p — 27) 


and reaction network 


Via 





T F 


They show that the chemical processes in the reactor p(A, (T*)) are peri- 
odic and therefore the reactor may exhibit oscillations of reactant concen- 
trations. Therefore, we call the logic (T*) an oscillatory logic. 

The concentration behavior of the reactor p(A, (*T’)), with the reactions 
TLH+tPFPoF,T+%*bH* and F+%*tt>T, can be described as 


Llp = LPL, — LTLy — LTLP, 
Ir = ZP(Lr — Zx), 
ty = Lx(LT = IF), 


where reagent 7 decreases in concentration until it completely vanishes, 
while reagents F and * are virtually competing for resources. Two last 
equations of the system determine the bifurcation behavior of the reactor: 
depending on particulars of instant molecular dynamics only one of the 
reagents — either F or * — survives in the reactor. The logic (*T), from 
which the reactor is derived, is called a bifurcatory logic. Combinatorial 
systems studied in the chapter do not get a “proper” logical treatment: 
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they have a “technical” structure of logical connectives; however, neither 
truth values nor connectives are “sensibly” interpreted and therefore it may 
be reasonable to refer to such systems as pre-logics. 


KKK 


Amongst nine possible logics, derived from the truth table (5.1), the 
oscillatory logic (T*) and the bifurcatory logic (*T) are ones exhibiting 
a non-trivial behavior. Further, we study the behavior of reactors where 
chemical reactions are determined by operators of these oscillatory and 
bifurcatory logics. 

To analyze the dynamical behavior of systems based on connectives 
other than negation and conjunction, we adopted the principle of interde- 
finability of the propositional connectives [Bergstra et. al (1995)|: 


e disjunction 2 V y = 7(72 A -7y), 

implication z — y= 77 V y, 

equivalence z+ y=-(x ®y), 

exclusive disjunction z ®@y = («A -7y) V (=z Ay), 
Scheffer stroke z|y = 7(x A y), 

Peirce arrow z | y = >(x V y) (see Fig. 5.1). 


Both connectives A and V of the oscillatory and bifurcatory logics are 
commutative and non-associative, they obey de Morgan’s laws, are not 
distributive over one another, and axioms x V (nz A y) = x V y and 
zV(xAy) =xVy do not hold. Commutativity of the connectives, as- 
sumed in our original constructions, implies that we could consider binary 
interactions of molecules and simulate a thin-layer reaction in a three-state, 
two-cell-neighborhood, one-dimensional deterministic cellular automaton. 
However, we could not increase a cel] neighborhood to three cells because 
the connectives are non-associative. We simulate a thin-layer chemical re- 
actor as a one-dimensional cellular automaton, each cell of which represents 
a molecule or a micro-volume, filled with only one type of reagent, of the 
reactor. Thus we use the word “configuration (of cell states)” when talking 
about the spatial distribution of reactant molecules or a one-dimensional 
concentration profile of reagent concentrations. 
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(b) 


Fig. 5.1 Systems of oscillatory (a) and bifurcatory (b) logics. 


5.3 Oscillatory logic (Tx) 


5.3.1 Stirred reactors 


Computer experiments with a stirred reactor p(A, (T'*)) show that the reac- 
tor exhibits irregular oscillations of reactant concentrations. The chemical 
mixture undergoes non-stable oscillations of concentrations, and typically 
the amplitude of oscillations increases with time until one of the reagents 
completely decays — after that only the other reagent(s) remains in the 
reactor. As we see from the set of elementary reactions and corresponding 
equations of the oscillatory logic, each reactant participates in two of three 
elementary reactions. Therefore, as soon as one of reactants becomes ex- 
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Fig. 5.2 Example of oscillatory concentration dynamic in reactor p(A, (T+) of oscillatory 
logic; 2 x 103 molecules, 50 x 103 steps. 


tinct the system’s description is reduced to just one reaction Ri+ Rog Ri, 
and thus eventually the reactor becomes filled with just one reactant Rj. 

A typical irregular oscillation dynamic is shown in Fig. 5.2: bursts of 
high-amplitude oscillations are followed by periods of low-amplitude oscil- 
lations; at some moment of the reactor development the concentration of 
one of the reagents hits the zero level; this reagent is eliminated from the 
reactor and one of the two remaining reagents is immediately consumed by 
the other reagent. 

Adding catalyst V to a mixture of T, F and + initiates transient oscilla- 
tory behavior similarly to that initiated by the catalyst A; however, these 
two catalysts govern reactions in a slightly different manner. The catalysts 
A and V impose reaction networks with unlike periodicity: 


A-network V-network 


yo, wes 


F fh 








T F 
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Fig. 5.3 Dynamic of reactant concentrations in a reactor that initially contains only 
catalyst A and catalyst V is added later; the moment of time when the catalyst V is 
injected into the reactor is marked by an arrow. 


Therefore, adding catalyst V to a reactor initially containing only catalyst 
A transforms the concentration dynamic from high-frequency oscillations 
to slow irregular drifts of concentrations, as shown in Fig. 5.3. 

The truth table of — of oscillatory logic (Fig. 5.1a) determines the 
following set of non-trivial reactions: 


FueTg 
T*xHoF+s, 


where reactant * is a second-order catalyst for the reaction T+ F. Thus 
the reactor p(—, (T'*)) exhibits high-frequency average-amplitude irregular 
oscillations of T and F concentrations. This is demonstrated in Fig. 5.4, 
where T and F oscillate in opposite phases. 

Reactor p(®, (T'*)) exhibits a dull behavior: quite soon after the start of 
an experiment the reactor contains only reagent *. This happens because 
both reagents (which themselves may oscillate due to transformations T +> 
F and T+F + T) are consumed by reactant * in the reaction: T+ F'+2* > 
2x (see truth table of @ in Fig. 5.1a). 
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Fig. 5.4 Dynamic of reagent concentration in reactor p(—,(T*)); 2 x 10% molecules, 
50 x 10° steps. 


The concentration dynamic of reactor p(|,(Z'*)), determined by truth 
table | in Fig. 5.1a, is described as follows: 


gp =27(@p —2, —1)+ Up 
tp =(1+2,)(2r —@Lp)—aeruep 
Le = @,(2P = Lr). 


There are two stable points: first, z, #0, rr = 0 and zp = 0, and, second, 
Ix = 0, 27,tr #0 and ep = tr/(1—azr). An example of the system 
converging to the second stable point is shown in Fig. 5.5. 

The dynamic of reactor p(|, (I’*)) does not seem to be of any particular 
interest because (see Fig. 5.la) the system always converges to a stable 
point z, ~ 0 and z7,2r = 0. When we look at the set of elementary 
reactions, determined by the |-table (Fig. 5.1a) 


THF 
FuRT 
T+PHEF 
T+xwx 
Fos oT, 
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Fig. 5.5 Dynamic of reagent concentrations in the reactor p(|, (T'*)); 2 x 103 molecules, 
50 x 10 steps. 


we find that two main processes occur in the system. The first three re- 
actions of the set generate oscillations of reagents T’ and F’; however, the 
last two reactions cause the concentrations of T and F to decay. A similar 
situation occurs in reactor p(, (T*)): 


FeT 
Tt+FHF 
T+trnx* 
Foes; 


only the reagent * survives in the reactor after some period of mixture 
development. 


5.3.2 Thin-layer reactors 


Any random configuration in thin-layer reactors p(®, (T*)) and p(-, (T'*)) 
quickly converges to a homogeneous configuration, where every site takes 
the state *. An example of a space-time dynamic of a thin-layer reactor 
(A, (T'*)) is shown in Fig. 5.6a. 
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Fig. 5.6 Space-time dynamic of cellular-automaton model of thin-layer reactors 
(a) p(®, (T*)), (b) p(—, (T*)) and (c) p(|,(T*)). Boundaries are periodic, time goes 
downwards, e is T’, 0 is F and « is x. 


Connective — is asymmetric; therefore, an initially random configura- 
tion of cell states self-organizes into trains of mobile localizations as shown 
in Fig. 5.6b. There are only stationary breathers in a space-time dynamic 
of thin-layer reactors p{|,(T*)) and p(|, (I*)); see e.g. Fig. 5.6c. 

Cellular-automaton rules derived from truth tables of A and V (see 
Fig. 5.1a) correspond to conventional models of discrete reaction—diffusion 
systems. In space-time configurations of thin-layer reactors p(A, (T'*)) 
(Fig. 5.7a) and p(V, (T*)) (Fig. 5.7b) we can discover traveling wave fronts, 
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non-localized diffusion waves and traveling localizations. Examples of the 
traveling phenomena include diffusion of T (Fig. 5.7a, central part) and F 
(Fig. 5.7a, right-hand part); and also spreading of a mixture of F and * 
(Fig. 5.7b, central part) and a mixture of T and F (Fig. 5.7b, right-hand 
part). 

By exhaustive search of all possible concentration profiles in thin-layer 
reactors p(A, (T'*)) and p(V, (T'*)), we discover six types of three-cell gliders 
(each one has a size of three cells) and six types of four-cell gliders. Exam- 
ples of the gliders are shown in Fig. 5.8. Neither of these mobile patterns 


Motion 
Leftward Rightward 
T TF 
Background F TFx 





+ [TxF | 


Fig. 5.8 Morphology of gliders emerging in discrete model of the thin-layer reactor 
P(A, (T*)). 


oscillates when traveling on the lattice. Collisions between two gliders are 
pretty “standard” for one-dimensional cellular-automaton gliders: three- 
cell gliders disappear if they are in unlike phases or collide quasi-elastically 
when in the same phase. Four-cell gliders annihilate as a result of binary 
collisions independently of their phases. 

Some examples of glider collisions are shown in Fig. 5.9, where gliders 
travel in the resting environment *. When gliders F *T (moving rightward) 
and T * F (moving leftward) collide, they either pass through each other 
or annihilate (Fig. 5.9a), depending on their relative phases. In another 
example (Fig. 5.9b), glider F * T (moving rightward) collides with glider 
TTFF (moving leftward): as a result of the collision the glider TTFF 
disappears and another glider is reflected as F* T + Tx F. 


5.4 Bifurcatory logic (*T) 


5.4.1 Stirred reactor 


Reactor p(V,(*T)) behaves similarly to p(V, (*T’)), which has been already 
discussed, with the only difference that either reagent T or reagent * sur- 
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Fig. 5.9 Example of three-cell glider collisions (a) and a collision between a three-cell 
glider and a four-cell glider (b) in a one-dimensional cellular-automaton model of the 
thin-layer reactor p(A, (T'*)). Lattice-node states are encoded as follows: e is T, 0 is F 
and x is +, Time goes downwards. 


vives in the reactor during evolution. 

Processes in reactor p(—, (*T’)) are determined by reactions F ++ T and 
T+*t> F + (see — truth table in Fig. 5.1b). The first reaction governs 
transformation of reagent F' to reagent T, the second — transformation of 
T to F, catalyzed by +. Therefore, the concentration of * wanders around 
its initial value while concentrations of T and F exhibit high-amplitude 
irregular fluctuations (Fig. 5.10). 

The reagent * appears on the right-hand side of the reactions, catalyzed 
by ® (Fig. 5.1b). Therefore, this set of elementary reactions in the reactor 
p(®, (*T)) could be reduced to just two: T+ F and T+ F ++ T, and so 
the concentrations of T and F oscillate in opposite phases, rp = —z'p. 

If we ignore the reversible transformation T — F (assuming reaction 
rates are the same) in the reactor p(|,(*7’)), then the remaining reactions 
(derived from the truth table of |, Fig. 5.1b) determine a chaotic oscillatory 
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Fig. 5.10 Concentration dynamic in p(—, (*T)); 2 x 103 molecules, 50 x 10% steps. 


dynamic of reagent concentrations: 


Ly = @7 (LPF - IF) 
Lp = Cp(r, — cr) 
L, =2,(27 — Zp), 


which is illustrated graphically in Fig. 5.11. Reactor p(|, (*T)) behaves 
similarly and hence not identically to the previously discussed reactor due 
to its reaction skeleton, T+FHF,T+%*»T andF+#r#: 


Lp = 27 (Ls — TP) 
Lp =UR(rLr — Lx) 
Le = 24(oP = Lr). 


Reagent + decays and vanishes in reactor p(,(*T’)) (Fig. 5.1b), so 
it may be completely ignored at large time scales. The concentrations 
of the two remaining reagents T and F exhibit an oscillatory dynamic: 
gp = —-27per + er and p= x27URp— IP. 
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Fig. 5.11 Concentration dynamic in the reactor p(|, (*T)); 104 molecules, 50 x 10° steps. 


5.4.2 Thin-layer reactor 


Soon after the beginning of its development, the thin-layer reactor 
p(O, (*T)), for O= A,V,|, |, reaches global states which exhibit 


(1) standing stationary homogeneous domains, e.g. domains filled with the 
* state in reactors p(A, (*T)) and p(V, (*T)) (Fig. 5.12); 
(2) heterogeneous undulating patterns, for example 


Pax Pa Pe Pe... Oo ..xk Pe Pe Fe... 
in reactor p(A, (*T)) (Fig. 5.12a) or 
De T eT eT... eT eT eT eT... 


in reactor p(V, (*T)) (Fig. 5.12b); 
(3) homogeneous oscillating patterns, for example 


..UTTT...>...FFFF... 


in reactors p(|, (xT’)) and p(|, (*T)) (Fig. 5.13). 
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(b) 


Fig. 5.12 Space-time dynamic of cellular-automaton model of thin-layer reactors 
p(O,{*T)): (a) O = A and (b) O = V, boundaries are periodic, e is T, o is F and 
* is +, time goes downwards. 


Domain boundaries are usually stationary. 

A dynamic of the thin-layer reactor p(—, (*T)) is somewhat amazing. 
Most types of defects move leftward (Fig. 5.14a) and their motion is biased 
by asymmetry of the connective —, similarly to the space-time dynamic of 
the reactor p(—, (T*)). However, there are a few gliders and defects trav- 
eling rightward. Two examples are shown in Fig. 5.14. In the first example 
(Fig. 5.14b) we see a one-cell pattern F' moving in a resting environment 
of * states; this is because F — * = F and * > F = x (Fig. 5.1b). In the 
second example a block of four F’ states 


FF 
Za 


moves rightward supported by leftward streams of one-cell defects 
(Fig. 5.14c). 

Irregularly distributed and randomly sized triangles of F and T states 
are typical attributes of space-time configurations of thin-layer reactors 
p(®, (*T)) and p(o, (*T)) (Fig. 5.15). 

Cellular-automaton rules of these fractal patterns are well known: 


ait! — (14+ 24.,+24,,) mod2 
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F; then, a “classical” Pascal triangle is generated (Fig. 5.16). 


5.5 Emergence of complexity 


In this chapter we aimed to select the most interesting, in terms of a space— 


time dynamic of logical reactors, three-valued logics, the logics which ex- 


hibit non-trivial behavior. How complex are our locally interacting systems 


valued compositions and how dynamically complex 


derived from the three- 


1ons give us some 


are logical connectives themselves? The next two sect 


answers. 
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Fig. 5.14 Space-time dynamic of cellular-automaton model of thin-layer reactor 
p(—,(*T)), boundaries are periodic, e is T, o is F and x is *, time goes downwards. 
(a) An exemplary space-time configuration. (b) One-cell localization of F state moving 
rightward. (c) Block defect moving rightward in regular environment. 


5.5.1 Static complexity of interaction rules 


Let us classify complexity of the bifurcatory and oscillatory logical systems 
using an analog of Langton’s A-parameter [Langton (1990)], a common tool 
for studying phase transitions and phenomena related to complex systems in 
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Fig. 5.15 Space-time dynamic of cellular-automaton model of thin-layer reactors 


p(®, (*T)) (a) and p(<, (*T)) (b), boundaries are period 


*, time goes downwards. 
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Fig. 5.16 Space-time dynamic of cellular-automaton model of thin-layer reactor 
p(®, (*T)), which starts its development with all cells but one in state F, the only 
central cell of the lattice takes state T initially; e is T, o is F and x is *, time goes 
downwards. 


cellular automata. Given reactor p(O, (ab)) and state z, z € Q = {T, F,*}, 
we calculate the ratio s, of the state z in the state-transition table of an 
automaton model with cell-transition rules determined by connective O: 


ene Liz, yeQ {tO = z} 
= |Q\? 





An automaton model of reactor p(O, (ab)), whose local transition func- 
tions have ratios near the center (3; 3 3) of the simplex (sr, sr,s,.), could 
potentially exhibit quite sophisticated patterns. Thus, for every connective 


O€{A,V,—,®, |, 1, } of logic (ab), a,b € {T, F,*}, we calculate a value 


111 

d(O b)) = aJ— 152x599 
(0, (ab)) = |(s7, 8,8) ~ (41555 
Therefore, the complexity of these logical systems can be estimated by the 
matrix C = (Cab)a,b=T,F«, where Cop = + do d(O, {ab)). The matrix C 
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looks as follows: 





a F\03 0.5 0.3 


* |]0.1]0.3 0.3 


There are two minimal-value entries of C: Cr, = Cyr = 0.1; they indicate 
that logics (T*) and (*T) would exhibit more interesting and, hopefully, 
more complex behavior than other logics. We have previously demonstrated 
this by a brute-force exhaustive search. 


5.5.2 Complexity of connectives 


What connectives are most dynamically complex? The static parameter 
used recently does not discriminate a connective’s individual complexity: 
d(O,(Tx*)) = d(O,(*T)) = 0.4 only for O = @ and O =o; for other 
connectives it equals 0. 

So, it is better to look straight at the catalog of the space-time dynamic 
presented in Figs. 5.17 and 5.18 and compare the space-time configurations 
of thin-layer reactors with the integral dynamic of stirred reactors. To ease 
the comparison, we provided overall characteristics of the reactor dynamics 
in Fig. 5.19. From Figs. 5.17, 5.18 and 5.19 one can conclude that the 
following types of logical reactors exhibit complex behavior: (a) catalysts 
A and V and the reaction system (T*) and (b) catalysts — and + and the 
reaction system (*T'). The phenomenological complexity of connectives is 
shown in Fig. 5.20. 


5.6 Niche of non-triviality 


Just three of the nine tables of A correspond to a conjunction of “common” 
three-valued logical systems [Bolc and Borowik (1992)]. Connective A;rr) 
corresponds to Ag in logics of Sobociriski and Belnap [Sobociriski (1952); 
Belnap (1977)]; Ac«+) to Ag in logics of Bochvar, Hallden and Segerberg 
and the strict logic S3; Ay.r) to Ay in logics of Heyting, Lukasiewicz and 
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Fig. 5.17 A catalog of exemplary configurations of one-dimensional cellular-automaton 
models of p(O,(T*)) and p{O, {*T)), for operators O = A, V,—,@, 300 cells, 200 time 
steps; time arrows downward. 


Kleene [Lukasiewicz (1920); Kleene (1938)]: 
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Fig. 5.18 A catalog of exemplary configurations of one-dimensional cellular-automaton 
models of p(O, (T'*)) and p(O, (*T)), for operators O = |, |, +, 300 cells, 200 time steps; 
time arrows downward. 


The dynamics of artificial chemical reactors derived from these logics 
are quite simple. Reaction networks of the systems show that reactors 
P(A, (TF)) and p(A, (*F)), which start their development with a mixture 
of all three reagents, finish their evolution with a homogeneous solution of 
reagent F'. Reactor p(A, (**)) evolves towards a pure solution of reagent *. 

Realistically, only a tiny portion of possible logics was considered in the 
chapter. Thus, for example, we restricted our study to negation of the form 


wo ea 
T|F 
F\T 


*| * 
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Fig. 5.19 Phenomenology of artificial logical chemical systems — (a) thin-layer reactor 
and (b) stirred reactor — derived from the logics (T*) and (*T). 


which is a typical one for Lukasiewicz, Hallden, Anqvist and Segerberg log- 
ics. Also, we did not derive logical chemical systems based on conjunctions 
and Heyting -y or Sobocirski 4g negations: 


TH x 


xy Se 
«a Se 
No ya 


F 
T 
F 


The Sobociriski negation could be particularly interesting because it evokes 
cyclic changes of truth values, and thus may determine the oscillatory dy- 
namic of “logical” reagents. 

Reactors with just one catalyst were studied in the chapter; adding more 
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Fig. 5.20 Complexity hierarchy of connectives for oscillatory (7’*) (a) and bifurcatory 
(+T’) (b) logical systems. 


catalysts may drastically change modes of the chemical logical system’s dy- 
namics. This may be yet another subject of further studies. Earlier, we 
briefly discussed an example of a stirred reactor p(A, (T'*)) (see Fig. 5.3), 
where catalyst V has been added after some period of initial mixture devel- 
opment. It was demonstrated that both catalysts determine an oscillatory 
concentration dynamic in the reactor; however, oscillations in reactors with 
single catalysts occur in unlike phases (moreover, reaction networks gov- 
erned by the catalysts have opposite orientations). Therefore, when the 
second catalyst is added to the reactor, concentration oscillations are dras- 
tically slowed down (see Fig. 5.3). This phenomenon is even more visible 
in a cellular-automaton model of a thin-layer reactor (Fig. 5.21): a drop of 
the catalyst V is put at the center of a one-dimensional thin-layer reactor 
of (Tx) logic filled with a mixture of T, F,* and A. 

Typically the reactor p(A, (T*)) exhibits mobile soliton-like localizations 
of reagent concentrations traveling along the reactor; however, diffusing V 
eventually covers the whole reactor and then reactions are governed either 
by A or V, chosen at random. Resultantly, breathing and mostly homoge- 
neous domains of 7’, F or * are generated. 

How valuable are oscillatory and bifurcatory logics? To answer this, one 
should construct a calculus for each logic and demonstrate that connectives 
represented in truth tables in Fig. 5.1 provide a decision procedure for the 
constructed calculi. Only then would it be right to question the significance 
of the newly discovered logics. 

We constructed logics from negation and conjunction. The negation is 
somewhat “classical”: if a sentence s is true then its negation is false, if s is 
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e Bifurcatory conjunction: a conjunction is true only if both of its mem- 
bers are true or one of its members is false and another is neither false 
nor true; the conjunction is false if one of its members is false and 
another is either false or true. 


The oscillatory conjunction may be seen as a “relaxed” version of a con- 
junction in Hallden logic [Bochvar (1939)], where the conjunction is true 
only if both of its members are true and it is neither true nor false if at 
least one of its members is neither true nor false, or a “stiffened” version 
of Sobociriski logic [Sobociriski (1952)], where a conjunction is true in the 
same conditions as the oscillatory conjunction but it is false if at least one 
of its members is false. 

Most of the above applies to bifurcatory conjunction, with a difference 
that bifurcatory conjunction can also be treated as a modification of the 
“standard” conjunction of Lukasiewicz and Heyting [Lukasiewicz (1920)} 
three-valued logics, where a conjunction of false and undefined values is 
true. This modification contradicts common sense; however, this may be a 
good way to represent irrationality. 


“It is very possible that some of the apparently self-contradicting expres- 
sions of schizophrenia, including delusions and hallucinations, are well- 
formed communicative expressions of highly ordered cognitive systems 
and indicate truths that cannot be derived within such systems” [Snyder 
(1991)]. 


Chapter 6 


Morphology of Irrationality 


We simulate crowds of mental entities as pools of finite automata; we call 
them agents, inhabiting a two-dimensional lattice. The automata-agents 
do not interact with each other, no information is exchanged; however, 
an agent can sense the presence or absence of agents in the eight cells 
immediately surrounding the agent’s current site. Our models represent a 
crowding environment leading to increasing uncertainty, cognitive load and 
goal interference, which may result in fear and anxiety, cognitive strain and 
frustration [Paulus and Nagar (1989)] and will ultimately cause emerging 
irrational behavior. We try to tackle irrationality via automaton models as 
follows. At first, we assign automaton-agents intervals of sensitivity ~ an 
agent does not like to stay in its site if the number of its neighbors belongs 
to some specified interval, a kind of “I don’t like to be in a crowd, and I do 
like to be in a crowd”: 


it9 


. schizophrenic communication is characterized, and induced, by the 
double bind, an apparently self-contradictory form of communication” 
[Snyder (1991)}. 


Then we boost irrationality of agents by allowing them to be weirdly 
selective about what types of neighborhoods they do not like to stay in 
— an agent does not like to stay in its site if the number of neighboring 
agents belongs to some sub-set of integers, the choice of which has little 
if any justification from a common-sense point of view. Our models of 
irrationally behaving agents include key features of the depersonalization 
phenomenon, occurring in conditions of anxiety disorder and caused by 
overtiredness and stressfulness, indicated in [Mullen (1997)}: 


e “the surroundings take on a quality of strangeness”, 
e “a sense of unreality pervades ... one’s own cognitions and conation”, 
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e “spatial relationships seem altered”, 
e “emotions ... lose their subjective impact”, 
e “actions appear to be carried out automatically”. 


6.1 Interval sensitivity 


Consider a set I of m uniform mobile agents each incorporating a finite state 
control device. The agents randomly move on a two-dimensional lattice L 
in discrete time. At every time step, agent 7 can either move or not move 
to one of eight neighboring nodes of u(ci) relative to its node ci. The 
neighborhood is 


ui)={veLl: |u—elr = 1}. 


The agent moves (to one of its neighboring sites chosen at random) if there 
is another agent at the same node or if the number of agents in u(c?) lies 
in some specified interval [61,62], 1 < 61 < 02 < 8. At the beginning of the 
trial all agents are positioned at the same node c* of the lattice. 

The interval [61,62] has a variety of meanings, e.g. sensitivity to the 
occupancy interval, interval of activation or mental representation of the 
neighborhood. Minimal and maximal boundaries of the activation interval 
are determined by the size of the neighborhood u(c!): eight lattice nodes 
are scanned by an agent to count the number of neighboring agents; 0 < 
0, < 4 < m could be used as well; however, for 6; = 0 the automata pool 
will never be at rest because every automaton will change its position at 
every step of evolution time. Therefore, we made 6; > 1. If there are more 
than eight agents in the neighborhood of another agent then at least two of 
the neighboring agents occupy the same lattice node and they will change 
their positions at the next step of simulation time. Only the condition 
1 < 6; < 62 < 8 guarantees that every node contains at most one agent 
in a final stationary configuration of the crowd. Where is the relation to 
non-sense and bizarre behavior? 


Interval [61,42] represents the “double-bind” [Bateson et. al (1956)| sit- 
uation, which may cause a person to develop schizophrenia. 


The interval model of irrational behavior possesses all necessary ingre- 
dients for the double-bind situation, as outlined in [Bateson et. al (1956)]: 


e more than one person: there are hundreds of automaton-agents in the 
model, 
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® a repeated experience of contradictory situations, 


© a primary negative injunction, e.g. “Do not do so and so, or I will 
punish you” or an old lady throwing a knife to her little granddaugh- 
ter” [Bateson et. al (1956)]: lower boundary @, of the interval meaning 
“IT do not want to be in a group with more than 4; agents”, 


e a secondary injunction conflicting with the first injunction, e.g. “Do 
not see this as punishment” or “Grandmommy really loves you” [Bate- 
son et. al (1956)]: upper boundary 62 of the interval meaning “I do not 
want to be in a group with less than 62 agents”, 


e a tertiary negative injunction prohibiting escape from the field: in our 
model an agent does not want to move unless it is “absolutely neces- 
sary”. 


A brilliant example of a double-bind situation is provided in [Bateson 
et. al (1956)]: 


“A young man who had fairly well recovered from an acute schizophrenic 
episode was visited in the hospital by his mother. He was glad to see 
her and impulsively put his arm around her shoulders, whereupon she 
stiffened. He withdrew his arm and she asked, “Don’t you love me any 
more?”. He then blushed, and she said, “Dear, you must not be so easily 
embarrassed and afraid of your feelings” ”. 


Moreover, the width of the sensitivity interval (@,,02] may be seen as 
proportional to a degree of irrationality. Therefore, a zone of “maximal” 
irrationality (if such ever exists!) is at a diagonal of the interval table. 

In early papers [Adamatzky et. al (1999c); Adamatzky et. al (1999a); 
Adamatzky et. al (1999b)] we have studied various types of automaton- 
agent collectives, including hypo-active crowds where all agents check their 
neighborhoods in a cycle with period m; hyper-active crowds where all 
agents check their neighborhoods once every time step; and stochastically 
asynchronous crowds, which are a kind of transient species. The behavior 
of agent 7 in all three models is governed by the equation 


ay =c+d-¢(at, Bf, 01,62) -n, 


where af = |{j € I: ch = ct}| is the number of agents at the node ct, 
occupied at least by agent t, Bf = |{7 € I: ci © u(ci)}| is the number 
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of agents at the nodes of agent i’s neighborhood u(ct), d is a random 
variable from {—1,0,1} x {—1,0,1}, ie. the vector of translation, and 
C(at, Bt,01,02) is a decision function; agents of all classes use the same 
function ¢(-). 7 is an activity function. The function 7 is responsible for a 
decision to check the neighborhood, whereas the function ¢(-) participates 
in the final decision to move. The function C¢(-) is defined below: 


C(a!, Bf,01,02) =1ifat>Oor Bie (01, 82]; C(a!, BY, 01, 02) = 0 otherwise. 


The function 7 is a key item which makes a difference between the three 
classes. In hyper-active crowds, call them P-crowds, 7 is a constant 1, so 
an agent’s equation of motion is simplified to 


cit! = ch+d-C(al, Bt, 01,02). 


In hypo-active agent pools, call them S-crowds, 7 = n(i,t) = lifi=t 
mod m; n(i,t) = 1, otherwise; so an agent’s equation of motion looks as 
follows (x is a sign function): 


ctl = ch+d-C(al, Gf, 01,62) -x(1—|i-(t mod m+1))). 


In transitory asynchronously disordered crowds, A-crowds, 7 = p, where p 
is a random variable that takes a value of 1 with probability pp, € < pp < 1, 
where ¢€ is very small, and it takes a value of 0 with probability 1 — p,; 
€ = 0.001 in computer experiments. Variable p, is a degree of the crowd’s 
unrest — the greater p,, more agents decide to check their neighborhood 
and, possibly, change their positions at each time step. Assuming that 
agents have random independent delays of switching, there is, therefore, a 
probabilistic continuum between S-crowds and P-crowds. 

Functions ¢ and 7 determine such types of crowd activity that crowds 
ultimately finish their development in stationary configurations where no 
agents move: dtp <<oo Wiel Wt>t.: ch =cit'. That is, after some 
step t, of development all agents are motionless; they will continue checking 
their neighborhoods but their inspections will always bring satisfactory re- 
sults. We will call t. the convergence time. The convergence time is finite, 
due to finite m, and it is determined by the particular values of 0; and 62 
and, obviously, the size m of a crowd. 

For all types of crowds studied in this chapter a condition is always 
reached when there is no further movement of any agent. This is referred 
to as a stationary global state. 
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Fig. 6.1 Examples of “activity” of agents in the development of crowds from different 
classes. The vertical axis represents the number of automaton-agents which change their 
positions at the current step of the development. Time is measured along the horizontal 
axis. The labels indicate the rule classes, which will be discussed later. 


Figure 6.1 illustrates the process of convergence for different rule classes 
of an S-crowd. Analysis of the activity patterns of crowds, which are mea- 
sured by the number of agents which change their positions at the current 
time step, convinces us that lower, 6;, and upper, 92, bounds of the intervals 
significantly influence the rate of convergence to the stationary global state. 
Hereinafter, we use term “pattern”, which refers to a finite sub-lattice Y(L) 
of L, where every node takes the value 1 if there is an agent at the node, 
and value 0 if there is no agent at the node. The pattern is determined 
after the crowd converges to the stationary global state. 


6.2. Morphological classification 


To split functions determined by a sensitivity interval into classes of mor- 
phological equivalence, we employ three basic characteristics: size, order 
and density. The set of all possible activation functions can be sub-divided 
into several classes based on the morphological characteristics of the pat- 
terns formed. We assume that two functions are in the same class if, for a 
lattice crowd composed of agents obeying the functions, the same resulting 
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structure is created. A similarity of two patterns is detected visually and 
verified with various measures such as the density distribution of agents 
and a measure of order. 

A size r of a pattern measures a diameter of the set of non-zero entries 
of Y(L), ic. a maximum distance between any two agents. An w-order is 
calculated as w = max{wy,wy}, where wy and wy denote the number of 
local configurations of the form 


and 


ooo 
eOe 
000 
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Agents are shown by es and Os and lattice nodes without agents are blank; 
the agent based at the central node of the neighborhood is shown by ©. 
For any pattern formed by m agents we have 0 < w < m—2. The measure 
takes its maximum on the line of agents, where agents are arranged along 
the column or the row; and it takes its minimum on either densely packed 
or sparse patterns. Later, we will discuss that w-order takes its maximum, 
amongst all patterns, on fingerprint patterns generated by S-crowds. Such 
patterns may be considered as highly structured. Every agent in the finger- 
print pattern has exactly two neighboring agents which are always in the 
same column or the same row. 
A density distribution is calculated as D = (D;)o<i<g, where 


Dy = {7 ET: [{z EU: [st — 84] =| =a. 


Given a stationary pattern of the agents’ density distribution, (Di)o<i<s 
is a vector, the ith entry of which represents the number of agents each of 
which has exactly 7 other agents in its neighborhood. 

The morphological classification provided in this section is based on 
computer experiments with hypo-active S- and hyper-active P-crowds, of 
103 to 104 agents. Several morphological classes were identified in S- and 
P-crowds. 

Further, we will refer to the rules of a class in the sense of the activation 
intervals [91,02]; the exact values of the intervals and, therefore, rules, can 
be found in Fig. 6.2. Thus, for example, rules of the C-class correspond to 
the intervals [1,1], [1,2], [2,2] and [3,3] in an S-crowd; the rules of the P- 
class have activation intervals [7,7], [7,8] and [8, 8] in both S- and P-crowds 
(Fig. 6.2). 


6.2.1 Hyper-sociality: C-class 


The rules of this class generate condensed patterns (Fig. 6.3a). 


Morphology of Irrationality 187 





2 02 
12345678 123456 
1 jCeCHS 5858585 1 1¥¥S 88888 
2 CHS S585 2 ¥S8 88888 
3 CLLLLEL 3 LLLLLE 
6, 4 HLLELL 0,4 LLLELEL 
5 LFS: 5 LELE 
6 LFF 6 LLL 
7 Pal 7 PP 
8 P 8 P 


(a) (b) 


Fig. 6.2 Interval — class correspondence for S-crowd (a) and P-crowd (b). 
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Fig. 6.3 Representative patterns of classes € (a) and § (b). 


Almost every agent has its neighborhood fully packed with other agents 
(Fig. 6.4a), i.e. almost every agent has exactly one other agent in each of 
eight neighboring nodes. There are very few agents with an empty neigh- 
borhood. The distribution D is preserved for all intervals [@1, 62] belonging 
to the class with slight spreading towards lower densities when the transi- 
tion from intervals [1,2] to [3,3] occurs. The patterns are solid-like. Such 
patterns are typical only for an S-crowd. 
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Fig. 6.4 Examples of distribution D of numbers of neighboring agents in the patterns 
generated in C-class (a) and S-class (b) of an S-crowd. 


6.2.2 Autistic dissolution: S-class 


The rules generate sparse patterns (Fig. 6.3b). As Zimbardo proposes: 


“At extreme levels, [AA: of deindividuation] the group dissolves as 
its members become autistic in their impulse gratification” [Zimbardo 
(1969)]. 


The members of the class, 6; € {1,2},4 < 02 < 8 for an S-crowd 
and 6, € {1,2},3 < 62 < 8 for a P-crowd, do not depend on the de- 
gree of activity. For both S- and P-crowds the class can be sub-divided 
into two sub-classes following density distributions D (see e.g. Fig. 6.4b), 
(1, 4],..., [1,8] and (2, 4],..., [2,8]. Thus, for @, = 1, almost all agents have 
an empty neighborhood. In contrast, for 6; = 2, more than one-half of the 
agents have exactly one other agent in their neighborhood, while others 
have none. That is, the increasing of the lower bound @; of the activation 
interval from 9, = 1 to 6; = 2 causes an overall “compression” effect of the 
patterns in the S-class. 


6.2.3 Segregation: H-class 


The rules generate so-called halo patterns (Fig. 6.5a), ie. patterns that 
have a condensed core with a sparse halo around it. The patterns can 
be generated only in an S-crowd. The vast majority of the agents have a 
fully packed neighborhood but a certain amount of the outsiders with less 
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crowded neighborhoods is also present. The halo is formed from the agents 
that have an empty neighborhood (for [1,3] interval), one or two (for [2, 3] 
interval) or two or three (for [4,4] interval) other agents in their vicinity 
(Fig. 6.6a). 





Fig. 6.5 Representative patterns of classes H (a) and P (b). 
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Fig. 6.6 Examples of distribution D of numbers of neighboring agents in the patterns 
generated in H-class (a) and ?-class (b) of an S-crowd. 


The patterns are evocative of melting ice; so, we may think of them as 
two-phase transitional structures. Actually they are transitional, because 
they are at the boundary between condensed, C-, and sparse, S-, classes on 
the 6-02 plane (Fig. 6.2). 
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6.2.4 Socialization: P-class 


The rules generate so-called porous patterns (Fig. 6.5b). 

The patterns appear both in S- and P-crowds (Fig. 6.2). The most 
expressive representative looks like a mesh with a space of variable length 
but a width of one lattice node (Fig. 6.5b). 

A transition from the interval [7,7] to [7,8] to [8, 8] shifts the maximum 
of the distribution D from four to five to six agents, respectively (Fig. 6.6b). 


6.2.5 Brewing of structure: Y-class 


The rules generate an overall porous pattern with some condensed re- 
gions, large holes of an empty lattice nodes inside and a small halo outside 
(Fig. 6.7a). They vary in appearance but a meristema-like structure is com- 
mon for all of them. They are typical for a P-crowd only and occupy the 
same place on the ,—02 plane as P-rules of an S-crowd. The distribution 
D has its maxima at five and six agents (Fig. 6.8). 


6.2.6 Structuring crowds: £L-class 


The rules generate labyrinthine patterns (Fig. 6.7b). They look like classical 
labyrinthine patterns obtained in the laboratory and computer experiments 
with diffusive systems, magnetic domains, chemicals on the surface of cat- 
alysts, etc. The chains of resting agents, that form the walls of a labyrinth, 
have many turns and free-standing ends. By varying the boundaries of the 
activation interval [61,62] we can achieve a shift of the distribution towards 
an increasing number of agents in the neighborhood of an agent (Fig. 6.8b). 

The patterns generated by the rules of the class are the most varied in 
structure amongst other patterns; however, they are very typical for both 
S- and P-crowds (Fig. 6.2). 


6.2.7 Ordered crowds: ¥-class 


The rules generate fingerprint-like patterns (Fig. 6.7c). They can be found 
only in S-crowds (Fig. 6.2). Every pattern is sub-divided into a small num- 
ber of large domains with either vertical or horizontal orientation of agent 
chains. In general, there are few instances when the boundary between 
one domain and another is open. Typically, we cannot easily move from 
one domain to another. More than one-half of all agents have exactly two 
neighbors each (Figs. 6.7c and 6.8c [6, 8]). They are the agents that have a 
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(c) 


Fig. 6.7 Representative patterns of classes Y (a), & (b) and F (c). 


neighborhood configuration of the following form: 


ooo 


ooo 


Other agents have either three neighboring agents, the corresponding local 
configuration is 


o@e@0 
oe@e 
o@0 


or four neighboring agents, the corresponding local configuration being as 
follows: 


e@0oo0 
eee 
eoo 
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Fig. 6.8 Examples of distribution D of numbers of neighboring agents in the patterns 
generated in Y-class (a) of P-crowd, and £-class (b) and F-class (c) of S-crowd. 


The agents being on the boundaries of the pattern make an incursion into 
other small parts of the density distribution D (Fig. 6.8c). 


6.3. Time, size and order 


In computer experiments with crowds of m = 1-10° agents we found that 
the size r = r(m) of the pattern generated in the development of a crowd 
of m agents is approximated as r(m) = /7rM, Yr = Yr(41, 42). The con- 
vergence time t, = t-(m) is approximated by ¢.(m) = y%m, Yt = ¥2(41, 92). 
To represent the results in a qualitative form we consider an 8 x 8 ma- 
trix, hereinafter referred to as a 6-lattice. This is indexed by pairs (61, 42), 
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1 < 6, < 6, < 8. When dealing with time, size and order we assign the cor- 
responding values of 7;(61, 92), y(01,62) and w(61, 62) to the nodes of the 
6-lattice. After that, we build “gradient-like fields” on the lattice. Every 
node z of the 0-lattice is assigned a vector oriented towards the neighbor y 
which gains the maximal value of 7:(z), y-(x) and w(x) amongst all other 
neighbors of x. The vector in z has null length if x itself has the maximum 
value in u(z). It is possible to have more than one vector in x if more than 
one node in u(z) has the same maximum value. The sinks of the fields are 
called the attractors. The elements which are neither maximal nor minimal 
may be thought of as sources. 


6.3.1 Size 





2 

12345678 

1 |>~--c© ee @ oe 
DN, geo Ae 
Se gee Pek oh ok 
GA | O27 7 1 ol 
Spo ef 7 TT TST 
Ce 6 oS FT TT 
T}]1o000 AST YT 
Be [h6. oo: 20 HT 





Fig. 6.9 Convergence-time-based +,-field for S- and P-crowds. Values of t.(61, 62) are 
quite close for both types of crowds; differences do not exceed 0.1. 


A 7r-field is represented in Fig. 6.9. A family of rules 0; = 1,02 = 4-8 
of the 5-class represents the perfect global attractors in the y,-field. We 
also found that 


a lower bound of agent activation, 8, determines the size of the generated 
patterns in both S- and P-crowds. 


This is correct for the following domains of y,(01, 62): 


e S-crowd: 6). > 5,1 <6, <8 and 02 = 4, #@; = 1, 2,3; 
e P-crowd: 63 >3 and1< 6, <8. 
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6.3.2 Convergence 
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Fig. 6.10 +-fields for S-crowd (a) and P-crowd (b); t-(1,3) = 2.65 for P-crowd, 
te(1, 4) = 2.8 and t.(6, 7) = 1.28 for S-crowd. 


A structure of the +-field differs in S- and P-crowds (Fig. 6.10). In 
the S-crowd there are two attractors: 7%(1,4) = 2.8 and %(6,7) = 1.28; 
the first is a global attractor because +;,(6, 7) dominates only in the domain 
(0, = 5-7; 62 = 6-8). The node ;(1, 3) = 2.65 is an attractor in the 7;-field 
for the P-crowd whereas ¥;(1,62) = 2.25, 62 = 6-8, are local attractors. 
Both two maxima correspond to rules of the 5-class. This means that 


Morphology of Irrationality 195 


the crowds that generate sparse uniform patterns have the longest tran- 
sient periods. 


It does contradict the conjecture, quite popular now, stating that com- 
plex patterns are generated by the systems with long transient periods. 
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Fig. 6.11 Distribution of the classes in 7; —y, map for S-crowd. The following symbols 
are used: o — P-class, ? —- C-class, « — H-class, o —- F-class, p — L£-class, * —- S-class. 


If we look at the 7, — y map (Fig. 6.11) we find that rules from all 
classes except the S-class form quite recognizable clusters. It is especially 
expressive for £-, C- and P-classes. The overall distribution of the rules 
shows that we can roughly split the map into three regions. The first region 
includes the P-, C- and H-classes (Fig. 6.11, 7, < 0.6 and % < 0.75). This 
is a domain of the rules which generates condensed patterns. The second 
region (Fig. 6.11, 0.6 < y, < 1) includes F- and £-classes. This is a 
domain of the rules which generates structured patterns. And, the last 
region (Fig. 6.11, y, > 1.2, % > 1.3) consists of the rules of the 8-class. 
These rules generate the sparse homogeneous patterns. 


6.3.3 Order 


There are two attractors in the w-field of the S-crowd (Fig. 6.12a). They 
are w(5,7) = w(6,8) = 0.69. w(5,7) = 0.25 is the only sensible attractor 
for the P-crowd (Fig. 6.12b). All attractors correspond to the rules of the 
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Fig.6.12  w-fields for S-crowd (a) and P-crowd (b); w(5, 7) = w(6, 8) = 0.69 for S-crowd, 
w(1,1) = 0.1 and w(5,7) = 0.25 for P-crowd. 


¥-class; the rules generate most important ordered patterns (Figs. 6.2 and 
6.12). The domains of the w-field corresponding to the S-class are sources: 
they gain zero values of w(61, 02). 





0 100 200 300 400 500 600 700 


Fig. 6.13 Distribution of the classes in y; —w map for S-crowd. The following symbols 
are used: o — P-class, ?-—- @-class, « —- H-class, o — F-class, p — L-class, « —- Sclass. 
Data obtained in an experiment with S-crowds of m = 1000 agents. 


It is hard to find any clusters of the rules in the y, —w map. Only rules 
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of the ¥-class form easily recognizable clusters (Fig. 6.13). 
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Fig. 6.14 Order w versus degree of activity pp, computed for the crowd of m = 10° 
agents. 


Are there any dependences between the order of the patterns and the 
probability of activation pp? To get an answer, we gradually vary the 
probability p, from close to a zero value to the value 1, and measure the 
w-order for every increment of p,. By doing this, we discover the following 
(see example in Fig. 6.14): 


e Amongst the patterns generated by S- and P-crowds those generated 
by P-crowds are the least structured. 
e The degree of order is inversely proportional to the degree of activity. 


This relationship has quite a simple explanation. In the models of agents 
acting in parallel, almost all the agents check the states of their neighbor- 
hoods simultaneously. They make decisions to stay where they are or to 
move at one of randomly chosen nodes at the same time altogether. So, 
they do not monitor the situation closely and can simply destroy emerging 
structures. If agents are hypo-active, and act one by one, as in the model 
of the S-crowd, they do not interfere one with another, and can form strips 
of inactive agents, which coherently produce fingerprint- and labyrinth-like 
patterns. The explanation of this reduction of order, correct for at least 
some members of the F-class, may be found in the following idealistic ex- 
ample of the S-crowd, 6; = 6 and 62 = 8. Consider an infinite domain with 
a vertical orientation, where a node with an agent is black and an empty 
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node is blank as shown in the scheme below: 


000000 
eoccce 
:000000: 
eoecece 
000000 
evccce 


Every empty node in the domain has six agents around it, three on the left 
and three on the right. At the same time, every agent in such a domain has 
exactly two other agents around it. Moreover, all its neighbors are in the 
same column as the agent under consideration. Let us “drop” one agent 
j into the domain. It will land on either an empty node or on the resting 
agent. If agent 7 drops onto an empty node then it has six neighbors and 
will decide to move because its activation interval is [6, 8]. 

Notice that in this situation the stationary agents will rest because each 
of them has four neighboring “spare” nodes which can be filled by other 
agents. If agent 7 moves onto another previously empty node the situation 
will be the same again. Let it move to one of the nodes occupied by the 
agent 7. In the S-crowd agents check their neighborhoods and their own 
nodes in the cycle of period m; therefore, either agent i or j will decide to 
move while the other agent will remain at the same node. So, the structure 
of the agent chain is preserved. However, the probability of the destruction 
of the chain will increase proportionally with the degree of activity of the 
agents, i.e. Dp. 


6.4 Rational choice and threshold of activation 


If one tries to go to places with a certain, peculiarly chosen, number of 
people, that seems to be a weird habit. Such a habit however generates 
quite rich morphologies of crowd formations. It may be more reasonable, 
we would say rational, to find a place where the number of people is less 
than or higher than some specified number. We are talking now about a 
threshold of activation. Let us assume that agent i of a crowd decides to 
change its position if there is another agent at the same node or if a number 
of other agents in the neighborhood of i exceeds some specified threshold. 
In this case, it is enough to consider intervals [6,,62], where 1 < 0, < 8, 
92 = 8 and 9, is the threshold. 

From Fig. 6.15 we see that while the threshold 6, increases, the patterns 
generated by crowds are more and more condensed. Somewhere between 
the entirely sparse patterns and the condensed porous patterns, we find the 
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Fig. 6.15 Patterns generated in threshold S-crowd (a) and P-crowd (b) for various 
values of activation threshold. 


highly structured labyrinthine and fingerprint-like patterns. That is, the 
transitions 


S~L-aF—P 
and 
§8-L-p 


occur in S- and P-crowds, respectively, when the threshold 6; is changed 
from 1 to 8. Therefore, the threshold of activation seems to be a good pa- 
rameter which characterizes phase-like transitions between the generated 
patterns. However, this parameter does not give us a complete character- 
ization of morphologies generated by crowds, for example patterns typical 
for C-, H- and Y-classes never appear in crowds with threshold activation. 

In Fig. 6.16 we see how convergence time, size and order of patterns 
change with the threshold of activation 9,. This illustrates that increase of 
the convergence for the thresholds 5 and 6 (Fig. 6.16a) reflects emergence of 
a structure. The size goes down smoothly (Fig. 6.16b) following the earlier 
approximation. Correspondingly, the order increases with the increase of 
the threshold until the threshold reaches the value of 6; after this the order 
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Fig. 6.16 Schematic graphs of (01,8) (a), yr(@1,8) (b) and w(01,8) (c), 1 < #1 < 8, 
horizontal axis, for S- (solid line) and P- (dashed line) crowds. 


decreases (Fig. 6.16c). From the graphs we can see that when a threshold 
parameterization is employed 


e the convergence time is proportional to the order of the generated struc- 
tures, 

e the size of the generated structures is inversely proportional to the 
threshold of activation. 


6.5 Upshots of unrest 


Rules of interval sensitivity determine certain configurations, let us call 
them hot configurations [Adamatzky (2000)], of neighborhoods which force 
agents to move. The number of hot configurations of agents around an 
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agent, governed by an activation interval [6;, - is given by 
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Fig. 6.17 $(01, 62): 


The actual number of hot configurations for each interval is shown in 
Fig. 6.17. It may reflect — a degree of unrest —- a probability of an agent 
moving assuming that the agent was dropped at one of the randomly chosen 
configurations of stationary agents. 

The correspondence between rules of the morphological classes and the 
numbers of hot configurations is shown in Fig. 6.18; hereinafter all data 
deal with S-crowds. There are no obvious correlations. Rules for the con- 
densed and porous classes, C-, P- and Y-classes, have low numbers of hot 
configurations. Rules of the S-class tend to have an above average value of 
#(-,+). The £-class is spread along almost all the axis of o(-,-). The finger- 
print rules, the F-class, have values of ¢(-,-) ranging between 50 and 100, 
i.e. not too low but below average. If we calculate the average $(-,-) inside 
every class we find that rules generating non-structured patterns, P-, Y-, 
C- and §-classes, can be found in domains with either low or high numbers 
of hot configurations. Rules leading to the formation of structures, £-, H- 
and F-classes, are characterized by mean numbers of hot configurations. 

In Figs. 6.19 and 6.20 we see the overall trend that 


the larger the degree of agent unrest the larger is the convergence time 
and the smaller is the size of the pattern formed by a crowd which halted 
its activity. 
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Fig. 6.18 Correspondence between classes and degree of unrest ¢(-,-). Values of ¢(-,-) 
for each rule of the class are drawn with circles and connected with a line to guide the 
eye. 


For the w—¢(-,-) map (Fig. 6.21) we can recognize two peaks, which cor- 
respond to the labyrinthine (£-) and fingerprint (F-) classes. This demon- 
strates that a degree of agent unrest cannot be considered as a best para- 
meter for classification and prediction of crowd morphologies. 


6.6 Boosting degree of unreason 


We are not utterly happy with interval models of irrational behavior because 
(6,,92] may be interpreted as somewhat a choice of a comfortable number 
of participants in a group, based for example on a local density, and thus 
considered as a reasonable choice. So, to protect us from accusations of 
being really rational we invent a more eccentric model — a vector-based 
rule of activation, where an agent can feel unhappy to be in a group of an 
arbitrarily selected number of agents, e.g. “I don’t like to be in a group of 
three, six or eight agents!” How would such an absolutely irrational choice 
influence global development of crowds? 

Every agent i updates its coordinates, i.e. moves to one of the neigh- 
boring nodes, by the following rule: 


ott = ic +A. a(C(z:)* + Vlu(ws)t|) , (i, t), 


Morphology of Irrationality 203 





0 = 150 200 250 
$(61,82) 


Fig. 6.19 2 — ¢(-,-) plane. 
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Fig. 6.20 +, — (-,-) plane. 


where A is a random two-dimensional unit vector, every component of 
which takes values from {—1,0,1}; ¢(z;)* = 1 if there is another agent j 
sharing the node zj = xi with the agent 7, ¢(z;)’ = 0 otherwise; |u(z;)*| 
is the number of elements in u(zx;)*; vz is the zth element of a vector 
Vv = (vz)i<z<s, vz € {0,1}; o(a) = 1 if a > O and o(a) = 0 otherwise; 
T(i,t) =1lift=t mod (m+1) and r(i,t) = 0 otherwise. At the beginning 
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Fig. 6.21 w— ¢(-,-) plane. 


of evolution, all agents are placed at one node, i.e. for any 7 we assume that 
x? = x*, where x* may be chosen as a center of the lattice L if the lattice 
is finite. In words, every agent i, being in the node x{, moves to another 
neighboring node x't1, |xt—2it!|; | <1, if there is another agent j at the 
same node as i, xf = x‘, or the number of neighboring agents, |u(z;)"|, lies 
in some specified finite set S € 2{1-8!; we call it a sensitivity set. The 
sensitivity set S is represented by a vector v: Uyy(2,)t) = 1 if [u(xi)*| € S. 
This vector has eight elements; its size is determined as follows. 

The sensitivity set S is represented by a binary vector v of eight ele- 
ments. The size of the vector v is determined as follows: 


e The diameter of an agent pattern would grow infinitely if any agent 
moves when its node is free of other agents and there are no agents in 
the neighboring nodes. We want to prevent the system from unbounded 
growth; therefore, the first element of the vector v has index 1. 

e The configuration of agents is not stationary if at least one node of the 
lattice is occupied by at least two agents. Therefore, it is unreasonable 
to consider situations where |u(z;)‘| > 8. Thus, we index the last 
element of v by 8. 


Therefore, we have 256 possible configurations of the vector v € {0,1}°. 
The exact form of the vector v is the only explicit parameter which deter- 
mines various rules of agent movement. Therefore, 256 rules of coordinate 
update are under consideration. The rules differ only by vectors of agent 
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sensitivity; therefore, it is reasonable to call them vector rules. Hereinafter, 
we mean different configurations of the vector v when we talk about differ- 
ent vector rules. 


For any vector v € {0,1}®, any finite m > 0 and a sufficiently large 
lattice L there is such a time step t* that for any agent i € A we have 
ait! — xt when t > t*. 


It is enough to consider an extreme case of hyper-sensitive agents: v = 
(11111111). 

Any number of neighboring agents triggers movement of an agent. The 
agents walk at random. A diameter of the crowd increases with time. 
After a certain number of time steps, depending on m, every agent has no 
neighboring agents around. Hence, all agents will eventually stop. 


6.6.1 New faces of irrational morphology 


A full range of patterns discovered in computer experiments with crowds 
of irrationally acting agents is shown in Fig. 6.22. All patterns generated 
in the simulation of agent crowds for each of the 256 rules can be grouped 
into eight classes: condensed patterns (C-class), sparse patterns (S-class), 
granular patterns (9-class), porous patterns (P-class), labyrinthine patterns 
(£-class), worm-like patterns (W-class), patterns combining porous and 
sparse configurations (B-class) and patterns built of small segments (M- 
class). Half of these patterns are already familiar to us — classes C, 8, P 
and £ (¥); novel patterns include §, W, B and M (Fig. 6.22). 


6.6.2 Density-based description 


Let us strengthen the morphological classification with the density distrib- 
ution of agents in patterns: D = (D;)o<i<g, which is calculated as follows. 
For some large t > t* we obtain 


D, — |{i€ A: Ju(x,)*| = z}/m, z=0,...,8. (6.1) 


To compute D we calculated the density distribution of patterns generated 
in 10 trials for every vector rule; the values of vector entries are averaged 
in 10 trials. 

At the first step of formalization we derive the correspondence between 
vector rules and indices of largest entries of density vectors: rule — j* : 
D;+ = maxo<j<gD;. After we find j* for each of the 256 rules we design 
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Fig. 6.22 Representative patterns of eight morphological classes: ©, 8, 9, P, £, W, B 
and M discovered in collectives of irrational agents with vector-based sensitivity. 


the minimal description of the rules for every j* in Boolean formulae. The 
results are shown below; if there are two maxima amongst the elements of 


the density vector we indicate both of them. 


© j* =8: Py = (U203u4 V U4)U5 UeV7Us, 
e j* =6: Ps — (v12Qu3 V U3)U405V607 V8, 
© j* € {5,6}: Pog = 01 02u3040506U7v8, 
e j* =5: Ps = ved30405Uev7, 
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ua y= (U1 V U1 U70g)U2030405 V6, 

vr E {3,4}: P34 = U3U405V6(U207 V V1UqU708), 

jy =3: P3= D2V3D4Us (V6 => v1), 

j* © {2,3}: 

Po3 = BqU3Us(Vivgvev7Vg V (v1 (Wavev7 V vave (v7 B Ug) V vaUgv7))), 
ej, =2: Py = (U1 Vd3(V4v)6 (vs Vv v7) Vv v4(U5 (V6 (v7 V ug) V ug(v7 => 
ug)) V us))) V (G2(01v304(Vsvev7v8 V vs(Ve(vg — v7) V v6(v7 @ vs))) V 
v10304(Us V U5 (D7vg V vgv7g)))), 

ve {1, 2}: Py2= D1 020304 (Us (Vev7 Vv UgUg) V U5U6 (U7 @ ug)); 

goal Rh = Vi<j<e Pi where Pi = U102V3U4U5U6U7UBz, P? = 
U1U2V3U4, PR = U1U2U3U4U5, Pt = 01U203U4U5, pe = U1 U29U3U4U5, 
PP = 012030405 (U6 (v7 V ug) V U6UTUg), y 2 = D1 UQU304U5 (V6 (vs => 
v7) V ve(U7 @ vg)) and PR = U1v2U3U405U8(Ve ® U7); 

jf = 0: Po = Vicjes P3, where Pj = Bi v2v304(U5v6(vg — v7) V 
Us (DeD7vg V v6 (v7 ® vs))), P2 = V1 V2U3VU4U5 (Ge (v7 V ug) Vv Ugv7), ier = 
D1 Uqugva(V5VEV7Ug V Us), P} = U1 09U304(U5 (Ue (v7tg V u7ug) V U6) V us); 
Pe = V1 V2U3U4, PS = Vj V2QU3U4U5U6U7, Pi = V1V203 (V4 V Us) and 
Ps = 04 02U3(U4(Us V ve V U7) V V4). 


The patterns of the first two classes, C and 8, have a simple morphology. 
In patterns of the C-class almost every agent has eight neighboring agents 
(Fig. 6.22, C); this is reflected in the density distribution: 


Do=(0 0000 0 0 01 09). 
The density distribution in patterns of the class 8: 
D§=(0.7 03 00 00 0 0 0) 


suggests a sparse configuration of agents, where almost every agent has 
no neighboring agents around (Fig. 6.22, 8). Patterns of the 9-class are 
usually sparse but with a certain granulation, i.e. small connected clusters, 
or groups, of a few agents (Fig. 6.22, 9); thus, 


DP (06: 02.02 0.1--0v 02 0: 00); 


In porous patterns of the ?-class every agent usually has five or six neigh- 
bors: 


D?=(0 0 0 O01 02 03 0.3 0.1 0). 
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Connected strings and segments of agents form some kind of irregular mesh 
in patterns of the P-class (Fig. 6.22, P). Distinguishable labyrinthine pat- 
terns are grouped into class L. There, every agent typically has two or 
three neighbors: 


DF =(0 0.1 04 03 02 0 0 0 0). 


This correctly reflects the morphology of the labyrinths (Fig. 6.22, £), where 
an agent forming a “wall” has two neighbors while agents at the join of two 
walls have three or four neighbors. Patterns of the class W are characterized 
by a specific configuration of agents, which combines sparsely scattered 
agents with long irregular chains, kinds of “worms”, of agents (Fig. 6.22, 
W). Therefore, almost every agent in a pattern of the W-class has either 
two or three neighbors: 


DY =(0.1 0 05 04 0 0 0 0 0). 


“Two-phase” patterns, which combine properties of both sparse, S-class, 
and porous, ?-class, patterns, are grouped into the B-class (Fig. 6.22, B). 
In patterns of the B-class most agents have four neighbors each: 


D® =(0.1 0.1 0 0.3 0.4 0.2 0 0 0); 


hence three-agent and five-agent local configurations of an eight-node neigh- 
borhood are also typical. Regions of the patterns with scattered agents con- 
tribute to the first two entries, Do and D,, of the density vector D. Class 
M contains patterns that consist of short segments of agents (Fig. 6.22, M). 
The “internal” agents of a segment contribute to the component D2 of the 
density vector D, while agents at the ends of a segment contribute to the 
component Dj: 


D™=(0.1 05 04 00 0 0 0 0). 


Is there an exact correspondence between maxima of the density vec- 
tor and morphological classes? As we see in the list shown below, most 
classes have unique maxima of density vectors; notice that maxima are cal- 
culated from density vectors averaged over the classes; so, a few values of 
j*, indicated above, vanished: 


j* = 8: C-class, 
z* € {5,6}: P-class, 
j* = 4: B-class, 
ae 


Mm 


= 3: W-class, 
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e j* =2: Lclass, 
e j* =1: M-class, 
e j* =0: S- and S-classes. 


This means that the density-based description may be used in an express 
classification of patterns formed by agent crowds. 
We found that 


e j* =1; this is valid for the classes C,5,9,W and ?’; 
e j* =i-—1; this is valid for the classes P,£,B and M. 





Fig. 6.23 Zero values in vector rules of morphological classes. 


These two parameters can be used in classification of crowd formations 
as follows. The first parameter is the maximal index of such an entry 
of a vector rule that has zero value in every vector rule lying in a given 
class. Having necessary descriptions of a class, we can find the parameter 
as a maximal index of a negated conjunct in the necessary description 
of the class. Classes ordered by the value of the parameter symbolize a 
phase transition, evaporation or melting. This is especially clear when we 
consider not only the maximal index of a negated conjunct but indices of 
all negated conjuncts from necessary descriptions of classes (Fig. 6.23). In 
Fig. 6.23 we see that intervals of zero entries, corresponding to two classes, 
are overlapped one with another. This reflects the existence of patterns 
which may belong to two classes neighboring in the hierarchy induced by 
the parameter. 

The second parameter may be thought of as a probability, or likeness, 
of activation of an agent by its neighbors. For every vector rule of a class 
we calculate the number of neighborhood configurations — dispositions of 
other agents in an eight-node neighborhood — which consists of such a 
number of agents that being represented as an index of a vector rule gives 
an entry with zero value. The a-parameter is a relative of a A-parameter 
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[Langton (1990)], which characterizes the probability of an element of a dis- 
crete system taking a non-resting (non-quiescent) state. The A-parameter 
was quite successfully applied to demonstrate viability of a concept of “com- 
plex dynamics at the edge of chaos” [Gutowitz and Langton (1995)]. 


6.6.3 Necessary conditions 


Let us group the vector rules into the same eight classes; we say that a 
vector rule v belongs to the class X if on applying the rule v to an agent 
crowd we obtain a stationary configuration, a pattern, which belongs to 
the morphological class X. For every class X we construct the conjunctive 
form: 

No = ug uf? ++ uf, (6.2) 
where 0 < z < 8, for every pair (j’,j”),1<9',9" <2, j' FI", ty Fyn, 
i; € {1,...,8}, 1 <j < 2 a € {0,1}, v? = 0 and v' = v. The vector 
rule v does not belong to the class X if Nx = 0. Therefore, we call Nx a 
necessary part of the class X description. The condition applies to the class 
as a whole without differentiation of the sub-classes in the class; further, 
we will see that by splitting the class X into carefully combined groups one 
could increase the number of terms in Nx. The number z of conjuncts in 
Nx can be considered as a degree of certainty of the class X description. 
The necessary parts of the class description, grouped according to their 
degrees of certainty, are shown below: 


: Ng = 9030405 V6, 


: Ne = Us¥g070g and Nw = 01020304, 
: Np = 040506 and Ny = 01V2u3, 
: Ng = U20d3 and Ng = v2v3, 


: there is no expression of the class J. 


eeeee® 
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6.6.4 Fine structure of morphologies of irrational crowds 


Looking at the sets of patterns generated in every class of irrational crowds, 
one may discover that not all patterns inside a class are uniform. In some 
classes either a smooth or an abrupt transition in the pattern structure is 
observed. The transitions, however, do not destroy the class structure but 
indicate that the class could be sub-divided into two or more sub-groups of 
uniform patterns, which may represent a fine structure of the classes. 
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(a) (b) 


Fig. 6.24 Halo transition in C-class. Two extreme patterns are presented. The corre- 
sponding vectors are (00000000) (a) and (11100000) (b). 


6.6.4.1 C-class 


Patterns generated by rules of the @-class can be ordered by the following 
“gize-of-halo” characteristic. A halo is a part of a pattern, where every 
agent has no more than three other agents in its neighborhood. Usually, an 
agent in the halo has one or none neighboring agents. All 10 vector rules 
of the C-class can be arranged by ascending size of halo in the following 
manner. For any two rules v’, v” € C@-class we write v’ <y v” if the size of 
the halo in the patterns generated by v’ is less than or equal to the size of 
the halo in the patterns produced by v”. It is possible to predict a place 
of any rule v € @ in the <y transition chain using the following empirical 
law: 


) iu, s 10, Sv Say", 


1<i<4 1<i<4 


This law can be applied only to the rules of the C-class. Two extreme 
members of the <y chain are shown in Fig. 6.24. 


6.6.4.2 $-class 


There is no smooth transition between patterns generated by rules of the 
§-class. All rules of the class can be sub-divided into two groups based on 
which patterns they generate: 8, and S82. The formula of rule vectors of 
the first group, 51, has the form 


D1 u2U3(V4(us V ug V u7V) V v4)} 
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rule vectors of the second group, S2, can be expressed as 
U1 203 (T4(Us V ug V U7 V ug) V u4). 


Patterns generated by vector rules of the same group are similar; they also 
have the same diameter. However, the diameter of patterns of the group 
S2 is about 3/2 times more than the diameter of patterns of the group §}. 
This is because patterns generated by the rules of the 82 group have empty 
neighborhoods around each agent, whereas every agent in the patterns of 
the group 8, has only one neighboring agent. 


6.6.4.3 S-class 


The class can be split into three groups: 


© G1: 01 v203(V4U5 V v4), 
@ Go: u102u3(V4(Us V ve V V7) V U4), 
e 33: U1 U203(V4Us V v4). 


The granular groups of agents are polymorphic in the patterns of the 5; 
group; however, there are at most 10 agents in every granular group. These 
agent clusters look like chains. All other agents, not included in the clusters, 
have empty neighborhoods or one or two neighboring agents. The diameter 
of any pattern of the $2 group is about 3 times more than the diameter of 
any pattern of 9,. The patterns of $2 have about the same diameters as 
the patterns of §3. 


(a) (b) (c) (d) (e) 


Fig. 6.25 Typical configurations of clusters found in the patterns of the S-class. An 
agent is shown by a solid disk, an empty node by a dot. 


Almost all clusters of agents in patterns of the group 92 are formed of 
three agents (this because v; = 1 but va = 0). A typical cluster in a pattern 
of the group $2 consists of three agents, which form some kind of an arrow 
head; one of such clusters is shown in Fig. 6.25a. Clusters of four agents, 
such as those shown in Fig. 6.25b, are quite rare (two or three clusters per 
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pattern) but they are found in every pattern generated by rules from the 
group G2. 

In the $3-group agents are not allowed to have one or two neighboring 
agents (v1 = 1 and ve = 1). However, there may be three agents in a 
neighborhood of other agents. Every cluster in the pattern of the $o-group 
consists of four agents. The configuration of prevailing clusters is shown in 
Fig. 6.25c. Two more exotic forms can also be found in the patterns of the 
group $2 (Fig. 6.25d and e). 


6.6.4.4 P-class 





Fig. 6.26 Typical patterns generated by vector rules of groups P; (a), P2 (b) and P3 
(c) of the P-class. 


Porous patterns generated by rules of the P-class can be roughly sub- 
divided into three groups: Pj-group (there is no halo around porous core, 
see Fig. 6.262), P2-group (halo around porous core is small, as shown in 
Fig. 6.26b) and P3-group (halo around porous core is large, Fig. 6.26c). 
Vector rules of the groups can be expressed by three terms P 1, Pz and P3, 
respectively: 

P= D1 U203(v7 Vv ug); 
Pz = VyV2QV307VUg V 03(v7 Vv ug) (V1 V v2), 
P3 = u30708(U1 ® v9). 


6.6.4.5 4-class 


Members of the £-class can be conditionally classified into three groups, 
£1, &9 and £3, based on the morphology of the generated patterns. Subse- 
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(e) (f) 


Fig. 6.27 Representative patterns generated by rules of the £-class. The following vec- 
tor rules are used to generate representative patterns as follows. (a) and (b): (00000100) 
and (00001111) (£1-group). (c) and (d): (00010001) and (00100001) (£2-group). (e) 
and (f): (10000100) and (10001111) (£3-group). 


quently, we can use stand-alone Boolean expressions for the rules of every 
group instead of the Boolean function 


Bqd3(U1v4(V7 V vg) V (us V v6) (U1 V v4)), 
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which represents all vector rules of the class £. Vector rules of the groups 
are expressed by the Boolean functions as shown below: 


304(U5 V U6) 
3U4(Us V Ug V U7 V Ug) 
U304(Us V Ue). 


Le 


U 
0: 


POLK 


= 0102 
2 = 0102 
3 = U1 V2 


Let two vectors v’ and v” be in the relation v’ <y v” ifu’; <y uv"; 3 i>). 
A set of vector rules ordered by the relation <y is a chain. We say that a 
labyrinthine pattern p’ is more regular than a labyrinthine pattern p” if the 
pattern p” has more agents with only two neighbors than the pattern p’. 
For two patterns p’ and p”, generated by vector rules v’ and v”, we write 
p <p p" if v' <yv v”. For rules of the groups £; and £2 the following 
propositions are valid. 


The relation <p orders patterns in a chain of regularity, where p’ is more 
regular than p” if p! <p p”. 


See examples in Fig. 6.27. Surprisingly, this is not the case in Lo. 

The chain ({p|p € £3}, <p) is a chain of antiregularity. 

Two extreme patterns of the chain are shown in Fig. 6.27. 
6.6.4.6 W-class 
The rules of the W-class can be described by a Boolean function 

21 %o%3L4(T5 (rg V 7 V Lg) V Ls). 
All patterns of the W-class have similar characteristics. 
6.6.4.7 B-class 
The rules of the B-class can be expressed as 
DQU3L4C5L6. 


We sub-divide the rules of the B-class into two groups, B, and Bo. The 
Boolean representation of the rules of the group 8, is 


U1 LQL3L4E5 XG. 
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Fig. 6.28 Two representatives of patterns generated in the class B by vector rule 
(01000101) from Bi-group (a) and by vector rule (11000101) from B2-group (b). 


The rules of the Bo-group can be represented as 
1 XLqL3L4T5 L6G. 


Typical patterns of these two groups are shown in Fig. 6.28. 


6.6.4.8 M-class 


Rules of the M-class can be expressed as follows: 
E1Tor3(x4 Vv z5 V LE V £7). 


All patterns generated by the rules of the M-class form a homogeneous set; 
their characteristics are similar. 


6.6.5 Hierarchies of irrationality, hostility and unrest 


Is there any mode of agent behavior which can guide structure formation 
in development of agent crowds? We consider five possible characteristics: 


(1) size of a behavioral domain, calculated as the number #X of elements 
in the class X; 

(2) granularity of social groupings, calculated as the index j* of the largest 
entry of the density vector (6.1); 

(3) degree of a behavioral certainty, calculated as the number z of variables 
in the minimal Boolean description (6.2) of class rules; 
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(4) a maximal index pu of a negated conjunct presented in the necessary 
part of a class description (6.2); the parameter y is calculated for every 
class, which is represented by Nx, as u(X) = maxi<j;<2{tj; : aj; = 0}; 
degree of tolerance, calculated as the number a of configurations of 
neighboring agents around some agent, which does not induce move- 
ment of the agent; it is calculated, over all rules of the class X, as 
follows: 


(5 


a 


a(X) = |{w € {0,1}8 : 1, =0,h= > wi,v € X}|/256. 


1<i<8 


Let > be such an order on eight classes of vector rules that for any two 
classes X and Y we have Xp Y if and only if 7(X) > 7(Y), where 7 is one 
of five parameters defined above. Using p-order we build five descending 
hierarchies shown below: 


e #-hierarchy: G>SpLeMbp?,WpeCrpB, 
e j*-hierarchy: Co Pp BoWeLeMr§,§, 
e z-hierarchy: Bo C,Wp?,MpL,8eG, 

e p-hierarchy: C> Pp Bo L,WeMD5, G, 
e a-hierarchy: P>CpBroLeoWreGeoMps. 


a-, j*- and p-hierarchies separate classes precisely, i.e. they produce 
fewer classes at the same levels of hierarchies. Also, these three hierarchies 
are consistent. 

What remarkable stages of structural metamorphosis does the system 
pass through when these characteristics are changing? A structure evolves 
from a solid-like state (condensed patterns of C-class and porous patterns of 
P-class, Fig. 6.22) to a liquid-like state (sparse patterns of 8-class, Fig. 6.22). 
Somewhere between these solid and liquid phases a two-phase, transitional, 
structure is formed; the structure combines a solid core surrounded with a 
liquid halo (patterns of B-class, Fig. 6.22). Further increase of the para- 
meter value leads to the collapsing of the two-phase system into the highly 
structured system of labyrinthine patterns (£-class, Fig. 6.22). We can say 
that at this stage a structure is formed. Increasing the parameter again, 
we obtain destructured systems, e.g. W- and M-classes (Fig. 6.22). 


The degree of agent tolerance and granularity of agent patterns, formed 
during crowd development, are the most appropriate parameters to clas- 
sify crowd morphologies. 
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We could use the degree of tolerance a to study an influence of agent 
hostility on morphology of patterns formed by crowds. First, we derive a 
degree of agent sensitivity, i.e. a probability of “excitation” or mobility, in 
the class X as p(X) = 1—a(X). An agent changes its current position with 
a very high probability in the first ./m/zm steps of crowd development; 
the agent moves with the probability p(X) after that. In a situation of 
light conflict, when almost any node of the lattice has at most one agent, 
the probability of an agent moving can be linked with the hostility T, a 
temperature-like parameter, as follows: T = —1/In(p(X)). 






te PCB L , WGM 











0 0.2 0.4 p(X) 0.6 0.8 1 


Fig. 6.29 Distribution of classes in the map “agent’s sensitivity (probability of agent 
moving) versus agent’s hostility”. ‘The dependence of the hostility T on the probability 
p(X) of agent moving is shown graphically. 


Therefore, the hostility-induced transition between classes of crowds 
looks as follows (Fig. 6.29): 


PoC 5OBmHLSWHGH-M-sS. 


In the domain of very low hostility we observe very dense clusters of resting 
agents (€-class); on increasing the level of hostility we transform the dense 
clusters into the quasi-structures (P-class) and two-phase transitional states 
(B-class). Further increase of hostility leads to the formation of non-trivial 
structures (£-class). In domains of relatively high hostility, the states with 
non-trivial labyrinthine structure are transformed into disordered states 
(W-class) and to quasi-structures (S- and M-classes). When the hostility 
is very high, gas-like states are produced (S-class); the crowd “dissolves”. 
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Fig. 6.30 Morphological correlates of social unrest; asociality increases rightwards. 


Hostility-driven morphodynamics may be considered as analogies of so- 
cial unrest, exemplified in (Fig. 6.30). 

The second pattern in Fig. 6.30 shows growth of tension, or brewing 
of disorder, the third pattern exemplifies clusters of “local riots” and the 
fourth pattern is “cold-war” like. The next three patterns represent erup- 
tion of violence. If a crowd inhabits a large enough lattice the violence 
stops when every agent gets a free neighborhood, as in the last pattern of 
Fig. 6.30. 

There are two more characteristics that could be considered as para- 
meters guiding development of morphologies in lattice crowds. They are a 
complexity of decision-making rules —- measured by a number of terms in 
the Boolean expressions of class rules, and a richness of patterns — mea- 
sured by a number of non-zero entries in the density-distribution vectors. 
Two descending hierarchies induced by complexity and richness orders are 
shown below: 


e Complexity hierarchy: Gp Le PpSPWeMp Bre, 
e Richness hierarchy: Bp 5,?,lp>Wpe€,8,M. 


The richness — which is an analog of an indirect hostility — obviously helps 
us to separate simple rules (those which belong to the classes at the lower 
part of the hierarchy) and complex rules (those which lie in the top levels 
of the hierarchy). Rule-complexity hierarchy seems to be quite attractive 
— classes of granular (3), labyrinthine (£) and porous (P) patterns occupy 
the upper level; however, the most morphologically rich class B shares the 
bottom of the rule-complexity hierarchy with the class €. 

Assuming that we choose a rule of agent behavior at random, what 
pattern would be rather generated — extreme patterns of the hostile-driven 
evolution or transitional patterns? Transitional ones are rare breeds. The 
rules of the classes 8, S and © can be picked up with the probability 3 
tules of the B- and W-classes with the probability ts tules generating 
labyrinthine, “trench-war”, patterns can be found with the probability +. 
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6.7 Controlling irrational crowds 


Will it be possible to transform one stationary configuration of a crowd 
to another by applying different rules of agent behavior? We found that, 
usually, it is impossible. To incorporate rule switching in our lattice crowd 
model we define a serial composition ¢) of the interval rules I, and Iz, 1, 0Iy: 
ot Pi, ak P,,. In other words, pattern Py, is generated by the rule with 
interval [91,62] =11. After the crowd reaches its stationary state the rule 
with interval Ip is applied to the agents. The agents become active and 
mobile again but settle down soon after the perturbation. The pattern P,, 
is formed. New classes of patterns can be generated as a result of such 
serial composition; see e.g. Fig. 6.31. 





Fig. 6.31 Stationary configuration of S-crowd, generated using rule composition 
(4, 6] O[1, 3}. 


Are there any underlying algebraic links between rule content of the 
classes and morphological characteristics of the patterns generated by the 
rules? We apply three simple operations to the vector rules and analyze 
morphological outcomes of the transformations that they evoke. Firstly, we 
show what happens to the members of a class if they are negated. Secondly, 
we look at the logical conjunction and disjunction of vector rules and discuss 
what types of algebraic structure on morphological classes emerge as a the 
result of the employment of these operations. 


6.7.1 Negation 


A negation of a class X is defined as follows: X = {Y1,...,Y¥m}, 1 <m<8, 
where, for every j, 1 < j < m, there is such a vector rule v’, v’ € Yj, that 
v =v’ for some v € X; V = (0 ---0g). A graph of negation-induced class 
transitions is shown in Fig. 6.32: nodes X and Y are connected by an arc 
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Fig. 6.32 Graph of negation-induced transitions between the classes. 


(X,Y) if there are at least two such rules v’ and v”, v’ € X and v” € Y, 
such that v’ = v”. We found that 


No class but G is stable under negation transformation. 


We can also conclude that the planar structure of the graph partly 
proves that the chosen classification is quite natural. Another quite inter- 
esting feature of the graph is that by excluding the arc (C, &) from this 
directed graph we obtain an in-directed graph. 


6.7.2 (Con/Dis)junction of classes 


Conjunction and disjunction of the classes are defined via respective binary 
operations over vector rules of the classes. For two vector rules v’ and v”, 
we have 


/ a“ / Ww 
Viv" = (0; * U; i<i<s, 


where * is either V or A. We say that = Z if there are vectors v’, v” 
and v” such that v’ € X, v” € Y, v” € Z and vw’ *« v” = v’”. In general, 
we obtain the mapping 


*\g 1: A2,++ +s MASS 
{21,%2,---,2n} 


where h < 8. 

Tabular representations of compositions and are given in 
Fig. 6.33. The exact structure of the compositions is not particularly in- 
teresting; however, a few findings should be noticed. A class X is called a 
[* }null of the algebraic system 


(*}{C, 8,9, ?,£,W, M}) 
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B |{2} (C8) (C.9.P.B.M) {CP} {CPL} {CPL} (9,3) {6PM} 
S | ce) {€.5,P,B.M} ea {CP} {C,P.L} {C.P.£,W} (C,P,£,B} (C,P.6,M} 
P i{e}  — {C,P} {€,P} {CP} {CP} {C,P} {C,P} {€,P} 
& l{e}  {C,P,0} {CPL} {C,P} {CPL} {CP} {CPL} {€,P,£} 
W fe} {CPL,Wy {CPL,W} {O72} (CWy {Pc} {ere} (eF,c} 
B {eC} {CPB} {C,PL,B} {CP} {CPL} {CPL} {BY {CPL} 
M 1{e} {GPM} {C,PLM} {CP} {CPL} {e,Pc} {eP.c} {CPM} 





8 | {8} {8} {8} {8} {8} (sy 8) AB) 
S| {8S} {8h {(8.8b {8.5} {S} {St} {8.5} {8,9} 
P |{8,G.P.0,WM} {8} {8,5} {8,5,.P.M}  {8,5,£,W,B,M} {8,9,W} {8,B} {8,5,a0} 
£ 59. WB.mt} {8} {8} {8,G.0,W.BM} | {L.¥} {W} {9.8} {$M} 
Wi]  {8.9,W} {8} {8} {8,5,W} {Ww} (wy {8} {S} 
B| {89,3} {8} {8S} {8,3} {9,3} {Ss} {B} {8} 
M | {8,9} {8} {8,5} {8,5 MM} {S XU} {S} {8} {M} 


Fig. 6.33 Tables of and compositions of the classes. 


if for any class Y we have 


af = EP = 


The class X is an idempotent of our algebraic system if 


ape =X. 


In these definitions 
Class € is a [A }null while class § is a [V }null. 


We should also mention that 


The elements © and B are [A }idempotents. The elements 8, W, B and 
M are [ V }idempotents. 


6.8 Schizophrenia on a lattice 


In an attempt to understand behavioral consequences of irrationality, we 
studied formation of patterns built by schizophrenic-like mobile agents on a 
lattice. We forced all agents to be at one point of space, one lattice node, at 
the beginning of the experiments; after that they were allowed to disperse. 
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These superhigh-density initial conditions induced enormous pressure and 
a somewhat cognitive load on the individuals, and contributed to deindi- 
viduaton and, ultimately, to irrational behavior of the agents [Lindmark 
(2000)}. Notably, delusions are sometimes also considered as disturbances 
of a spatio-temporal nature, for example 


“... @ person with a delusion of persecution, who has a feeling of re- 


striction of freedom and movement (the spatio-temporal disturbance), is 
hence no longer able to perceive the sometimes random nature of all the 
events and happenings that occur” [Winters and Neale (1983)]. 


We have provided the morphological classification of the formed struc- 
tures; selected classes of simple, complex and non-trivially ordered struc- 
tures; and uncovered relations between irrationality of agents’ behavior and 
morphological complexity of structures they form. Our models describe 
masses whose behavior 


“... results in individual selection made on a basis of vague impulses and 


feelings” [Smelser (1962)]. 


We can therefore interpret dramatic morphological transformations 
caused by an increase of the lower boundary of the sensitivity interval as 
a state of panic [Smelser (1962)]. The panic transformation starts with a 
structural conductivity — which is a normal activity — then followed by a 
strain — a shift in the sensitivity boundary. As a result, anxiety develops 
and a hysteria is formed which may be followed by either a panic or a mo- 
bilization. Discrete models of fighting in crowds [Jager et. al (2001)] show 
clustering behavior dependent on a threshold of agents’ activation, which 
is a direct analog of sensitivity thresholds in our models. 

We have shown that particulars of an “internal” interpretation of an 
agent’s neighborhood occupancy by an agent determine a structure of quite 
sophisticated patterns emerging in crowd development. This corresponds 
to urban sociology findings that an “inside density” — a number of persons 
per unit of space in houses —- more strongly influences social dynamics than 
an “outside density” — a number of people on the streets [Kruse (1986)]. 

In models of pattern formation in agent collectives we have shown that 
irrational actions will certainly lead to formation of highly ordered struc- 
tures, which perfectly conform to psychological views stating 


“ 


. cognition of the schizophrenic may manifest a highly ordered logical 
system” [Snyder (1991)]. 
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Fig. 6.34 Labyrinthine structure formed in a crowd of 10 irrational agents in a three- 
dimensional lattice; an agent’s activation interval is [20,25]. A quarter of the cluster is 
removed to expose the interior, agents are shown by the balls; the edge agents are shown 
in dark color. 


In the chapter we indirectly expressed this order via morphological or- 
ders of patterns formed by irrationally acting agents. One of such highly 
ordered patterns is shown in Fig. 6.34. 

One of the objectives of future research could be to incorporate a tem- 
poral dimension in the development of crowd-minds, to reflect experimental 
findings [Melges and Fougerousse (1966)] that anxiety and anger are pos- 
itively correlated with changes in time sense, and schizophrenic and delu- 
sional patients experience particularly noticeable distortions of time sense. 


Epilogue 


We have designed computational models, and developed a framework for 
future theoretical foundations, of large-scale pools of irrationally behaving 
entities. We selected crowds as a key component of a theoretical paradigm 
of collective irrational behavior because members of a crowd are those 


“'.. who being some of them hardly in mental equilibrium, are apt to 


distort causes and effects” [Stoker (1993)]. 


Using cellular-automata, artificial-chemistry and numerical techniques 
we built a set of models of crowd-minds, swirling in affective storms, shap- 
ing patterns of non-sense, diffusing delusion and engaging in phenomeno- 
logically rich but senseless, from the common-sense point of view, logical 
constructions. In the models we tried to identify and exploit the phenom- 
enon called the crowd-mind, the phenomenon which is 


“the result of forces hidden in the personal and unconscious psyche of 
the members of the crowd, forces which are merely released by social 
gatherings of a certain sort” (Martin (1920)). 


We designed models of quasi-chemical interactions between happiness, 
sadness, anger, fear and confusion, and then characterized almost all modes 
of integral and spatio-temporal dynamics in affective mixtures. We have 
shown how distortions of conventional forms and structures in crowd-minds 
lead to drastic changes in reasoning and inference, and divert doxastic col- 
lectives from conventional routes of knowledge accumulation to complex 
non-linear dynamics of mixtures of belief, delusion, ignorance, knowledge 
and doubt. In computational experiments with constrained doxastic mix- 
tures we proved that norms can barely improve, and hardly control, be- 
havior of crowd-minds. Non-trivially behaving combinatorial, pre-logical, 
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systems were derived to make a formal foundation of the irrationality of 
a crowd-mind. The logical systems derived in the book could be helpful 
in future attempts to build a mathematical framework of irrationality and, 
possibly, of an inference in conditions of mental disorders. We completed 
our journey to the field of unreasonable by uncovering morphological corre- 
lates of irrationality and structures built by crowd-minds and by qualifying 
morphological complexity of non-sense. 

We laid a foundation for the science of collective unconsciousness. We 
envisage that our results in dynamics of affective mixtures, where collective 
pre-emotions develop to sadness and anxiety, may form a science of confu- 
sion. Findings in behavior of doxastic mixtures — evolving towards doubt 
and ignorance — may characterize a collective pre-knowledge, a subject of a 
science of doubt. Evolving of a pre-structure to a structure, governed by ir- 
rationality, may provide a starting point for studies in disordered mentality 
of order. 

The book discusses somewhat provocative ideas emerging at the edge 
of physical and chemical sciences on one side, and social and psychologi- 
cal sciences on another side. Models and paradigms developed in the book 
might be applied to mathematical studies of affective collective intelligence, 
computational models of minds near the state of mental disorder, design 
of massively parallel prototypes of artificial consciousness, software imple- 
mentations of affective cognition and design of hardware prototypes of emo- 
tional controllers for robots. 


Glossary 


Affecton is a finite automaton whose internal states, input and output 
states, are happiness, anger, fear, sadness, confusion and anxiety. 


e Anger is an emotional state of displeasure. 


e Anxiety is an emotional state of restlessness. 

Anxious agent is an agent that always changes its doxastic state if 
its current state is not equal to the state of its neighbor. 

Artificial chemistry is an abstract system with a set of objects and 
rules, where the objects are considered to be analogies of chemical 
species and the rules are seen as chemical reactions. 

Artificial society is a social structure emerging in collectives of 
automata-like agents. 

Breather, as related to cellular automata, is a compact pattern of 
non-quiescent cell states, which may cyclically change its structure, but 
is not translated across an automaton array. 

Cellular automaton is an array of locally connected finite automata, 
which update their discrete states in discrete time depending on states 
of their neighbors; all automata of the array update their states in 
parallel. 


e Confusion is an emotional state of disconcertion. 
e Consciousness is a cognitive—affective state of self-awareness. 


Conservative agent is a modification of naive agent that does not 
take a non-sense state even if its neighbors are in non-sense states. 
Contradicting agent is an agent that takes a belief opposite to beliefs 
of its neighbors. 

Crowd is a large group of people tightly packed together, without a hi- 
erarchical structure and long-term leadership, individuals in the crowd 
undergo deindividuation and derationalization; communication in 
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the crowd is predominantly local. 

Deindividuation is a loss of personal identity and reduction of self- 
awareness of crowd members due to diffusing of their responsibilities, 
uniformization of feelings and behavioral patterns, mutual imitation 
and deformation of temporal components. 

Delusion is an erroneous belief that cannot be justified. 


e Derationalization is a disorganization of crowd members’ thinking 


and self-control, and loss of rationality, due to emotional arousal and 
deindividuation. 

Doubt is a state of neither belief nor misbelief about a locally justi- 
fiable fact. 

Doxastic world is an element of a set of all possible sets of doxastic 
states. 

Doxastic chemistry is an abstract system comprising doxastic states 
which interact with each other by chemistry-like rules. 

Doxaton is a finite automaton whose internal states, input and output 
states, are knowledge, doubt, delusion, misbelief and ignorance. 
Doxastic state is an agent or automaton state derived from belief, 
which includes knowledge, doubt, delusion, misbelief and igno- 
rance. 

Emotional contagion is a spread, and subsequent uniformization, of 
feelings in a crowd. 


e Fear is an emotional state of apprehension of danger. 


Glider, as related to cellular automata, is a compact pattern that 
travels along a cellular array. 


e Happiness is an emotional state of well-being. 
e H-configuration is a state of a cellular-automaton model where state 


cells are distributed at random. 

Ignorance is a state of neither belief nor disbelief about a locally 
unjustifiable fact. 

Irrational is that of lacking reason, foolish or absurd, without power 
of understanding. 

Knowledge is a justified belief. 

Mind is a collective term for that responsible for thoughts and feelings. 
Misbelief is a wrong belief. 

Naive agent is an agent that takes a non-sense state if its beliefs 
contradict beliefs of its neighbors. 

Non-sense state is a meaningless state. 

Non-stirred reactor (crowd) is a reactor (crowd) where reagents 
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(agents, automata) do not move, so they react only with their geo- 
graphical neighbors. 

Norm is a constraint, or a restriction of a range of possible actions. 

e Q-configuration is a state of a cellular-automaton model where every 
cell but one takes the same state. 

Reflecting doxaton is a doxaton whose output is “hardwired” to its 
input. 

Sadness is an emotional state of unhappiness. 

Schizophrenia is a range of psychotic disorders associated with dis- 
turbances of thoughts, distortion of apprehension of reality and com- 
municative aberrations. 

Singleton is a set with exactly one element, as related to mathematics, 
and is a member of a crowd model which starts its evolution in a state 
different from the uniform state of other crowd members. 

Stirred reactor (crowd) is a reactor (crowd) where reagents (agents, 
automata) are endlessly mixed, so no fixed topological structure is 
formed, and every reagent (agent, automaton) may interact with po- 
tentially any reagent (agent, automaton) at a time. 

Thin-layer reactor is a non-stirred reactor. 
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